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Abstract

Kernel sum-of-squares (kSoS) models represent a non-negative function as a quadratic form
in an reproducing kernel Hilbert space (RKHS), guaranteeing non-negativity everywhere. It
has emerged as a promising kernel approach to model non-negative phenomena, leveraging a
representer theorem that makes the problem tractable. This result only holds for kSoS functions,
and with the same RKHS. However, real-world problems may require to learn general-valued
functions jointly with kSoS functions, and may also benefit from different kernels for each
kSoS function for better predictive accuracy. In this work, we thus consider such wider class of
statistical learning problems, where we are interested in jointly learning 𝑝 real valued functions
and 𝑞 non-negative functions defined on different RKHS. Building on representer theorems from
traditional kernel methods and kSoS, we introduce a new generalized representer theorem for
that learning problem. The induced finite-dimensional problem is a semi-definite program (SDP),
easily solvable using off-the-shelf solvers. To scale better than SDP solvers, we also establish a
convex dual formulation, which writes as an optimization problem with only 𝒪(𝑛) variables and
no positive semi-definite constraints. Finally, for completeness and to highlight the potential of
the kSoS framework, we derive the explicit dual formulations for three kSoS problems previously
introduced in the literature and provide two new problems leveraging the generalized representer
theorem. All our experiments are reproducible with our accompanying Python code.
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1 Introduction26

Non-negative functions often appear in physics and statistics applications. When modelling real27

physical systems for example, prediction of quantities such as concentration, prices or distances,28

must satisfy non-negativity everywhere at the risk of violating physical laws. In statistics, common29

estimation problems include modelling a variance or a probability density function, and the final30

estimate can be highly sensitive to local non-negativity violation. Even a minor negative estimate31

can have great consequences on the real world decision taken based upon that statistical model.32

Furthermore, non-negative functions can even appear through the reformulation of an initial complex33

problem. This is for instance the case in global optimization or in optimal transport, but also when34

the statistical task involves the estimation of monotonic or convex functions. In machine learning35

and statistics, the ability to estimate a non-negative function, being non-negative everywhere, is36

thus critical.37

The most common way to account for non-negativity in a statistical problem is through the use38

of a so-called link function. Given such a link function 𝜓 ∶ ℝ ⟶ 𝒴 , the unknown function is39

modelled as 𝜓(𝑓 (𝑥)) and we learn the function 𝑓 freely. Common examples of link functions are the40

exponential function 𝜓(𝑧) = 𝑒𝑧 and the popular ReLU function 𝜓(𝑧) = max(0, 𝑧) or its smooth variant41

𝜓(𝑧) = ln(1 + 𝑒𝑧), the Softplus function. Using a link function is simple yet has strong expressive42

power: indeed the estimation of 𝑓 can be done using a parametric model such as a neural network,43

or kernel methods, both universal approximators. But the choice of the link function here is crucial.44

Indeed, as noted by Marteau-Ferey et al. (2020), nice properties of the loss function such as convexity45

may not be preserved for some link functions, and they may also complexify potential additional46

constraints that are tractable for 𝑓 but not for 𝜓(𝑓 (𝑥)).47

Other prominent works in the literature focus on linear models with non-negative coefficients and48

basis functions. Here, the function of interest is modelled as 𝑓 (𝑥) = ∑𝑖 𝑤𝑖ℎ𝑖(𝑥) for some non-negative49

basis functions ℎ𝑖 (e.g. B-splines or specific kernel functions), and such a linear model yields a non-50

negative function as long as the coefficients 𝑤𝑖 are positive. Despite the seeming expressiveness51

that comes from the choice of the basis, especially with kernel methods, restricting the coefficient52

to be positive however reduces the search space to the conical hull, which ultimately limits the53

expressiveness of the final estimated function 𝑓 .54

Finally, a more principled way to handle non-negativity is to directly model the function of interest as55

a sum-of-squares: 𝑓 (𝑥) = ∑𝑖 ℎ𝑖(𝑥)2. This structurally guarantees non-negativity without requiring56

a complex, possibly non-convex link function. For optimization problems, this sum-of-squares57

representation was introduced by Parrilo (2000) and Lasserre (2001), in order to transform a global58

and non-convex optimization problem into a sequence of semi-definite programs. For a modern59
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introduction, we refer the interested reader to Bach et al. (2024). Equivalently, remark that a sum-60

of-squares function can be written as the quadratic form 𝑓 (𝑥) = ℎ(𝑥)⊤Qℎ(𝑥), where Q is a real61

symmetric, positive semi-definite matrix. Using the spectral decomposition of Q = ∑𝑖∈𝐼 𝜇𝑖𝑢𝑖𝑢
⊤
𝑖 , with62

eigenvalues 𝜇𝑖, eigenvectors 𝑢𝑖 and 𝐼 the rank of Q, we can retrieve the sum-of-squares form of 𝑓 as63

𝑓 (𝑥) = ℎ(𝑥)⊤∑
𝑖∈𝐼

𝜇𝑖𝑢𝑖𝑢⊤𝑖 ℎ(𝑥) = ∑
𝑖∈𝐼

𝜇𝑖(ℎ(𝑥)⊤𝑢𝑖)(𝑢⊤𝑖 ℎ(𝑥)) = ∑
𝑖∈𝐼

(√𝜇𝑖𝑢⊤𝑖 ℎ(𝑥))2.

Even though such sum-of-squares representations allow tomodel and estimate non-negative functions64

everywhere, once again they may lack expressive power due to the restricted choice of the basis65

functions ℎ𝑖, where mostly polynomial basis are used in the literature (Lasserre 2009; Jaini et al. 2019;66

Mula and Nouy 2024).67

To address this need, Marteau-Ferey et al. (2020) recently introduced a new statistical learning68

problem based on the kernel sum-of-squares (kSoS) framework to estimate non-negative functions,69

bridging together the power of sum-of-squares representations and the expressive power of kernel70

methods. The latter gained popularity because they often offer convex optimization problems,71

perform well on small datasets, and provide great flexibility through the choice of the kernel function,72

allowing users to tackle problems across highly diverse data types. In their work, Marteau-Ferey et73

al. (2020) interestingly show that kSoS models satisfy appreciated properties in learning problems:74

convexity of the loss function, universal approximation of non-negative functions (with universal75

kernels), finite-dimensional representation through a representer theorem as in standard kernel76

problems. In addition, kSoS models are also differentiable and integrable in closed form, which77

is useful for problems involving constrained outputs such as density estimation. Altogether, this78

makes kernel sum-of-squares a powerful framework for non-negative function estimation. As an79

illustration, it has since been used in various fields such as global optimization (Rudi et al. 2025),80

optimal transport (Vacher et al. 2024), uncertainty quantification (Allain et al. 2025, 2026) and81

statistical learning of convex functions (Muzellec et al. 2022), to name a few.82

However, the initial kSoS proposal of Marteau-Ferey et al. (2020), although influential, can only83

handle the estimation of one unknown kSoS function, or several ones but with the same RKHS.84

This means that statistical problems which involve additional unknown unconstrained functions, or85

several kSoS functions which should require different hyperparameters, can not be directly dealt86

with in this framework. If the former can be accommodated with through a sequential learning87

procedure, this is not satisfactory from a statistics perspective and almost surely leads to sub-optimal88

estimations. Less importantly from a theoretical point of view but fundamental in practice, in the89

original work of Marteau-Ferey et al. (2020) the loss function is required to be bounded below, which90

limits the range of achievable learning problems, and the dual formulations corresponding to the91

statistical tasks illustrated in their experiments were omitted for conciseness.92

In this paper, we thus aim at extending the representer theorem and dual formulation of Marteau-93

Ferey et al. (2020), by allowing joint estimation of unconstrained functions and non-negative ones,94

but also give explicit and detailed dual formulations for several learning problems, both for reference95

and availability to the community. Our detailed contributions are as follows:96

• First, we introduce a generalized representer theorem for statistical problems which involve97

both unconstrained and non-negative functions. This encompasses for example heteroscedastic98

regression and non-crossing multi-quantile regression, but also estimation of conformal scores99

as in Allain et al. (2025) even though we do not illustrate this problem here.100

• Second, we show that the resulting optimization problem admits a convex dual formulation101

if the loss function is convex. This removes the positive semi-definite constraints from the102

primal form and considerably reduces the complexity of the optimization problem, which103

drops from 𝒪(𝑛3) to 𝒪(𝑛) variables for the dual formulation. By strong duality it recovers104

the primal solution exactly, while scaling much more easily with respect to the dataset size.105
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Besides, all our results are given in a general potentially rank-deficient setting, which allows to106

consider standard low-rank approximations that can be smoothly incorporated in both primal107

and dual formulations. This pushes the applicability of kSoS problems to even larger scales.108

• Third, we derive the explicit dual formulas for the kSoS examples studied by Marteau-Ferey et109

al. (2020), namely density estimation, heteroscedastic regression with known mean function110

and non-crossing multi-quantile regression with known median function. For each of them111

we provide numerical illustrations of what can be expected from kSoS models in practice.112

• Fourth, we introduce two new case studies in which we jointly learn a real-valued function113

and kSoS functions: heteroscedastic regression where both mean and variance functions are114

estimated, and non-crossing multi-quantile regression where the median function is learned115

jointly along with the quantile functions. Thanks to our general representer theorem, we show116

that these two problems admit a finite-dimensional representation, and we also derive their117

dual formulation explicitly. In order to showcase the potential of such framework, we finally118

conduct several illustrative numerical experiments.119

Throughout this paper, we will thus evaluate the initial kSoS approach or our extension on several120

problems. However, it is important to clarify the primary objective of the empirical illustrations121

presented in this work. Our goal is not to position kSoS methods as the state-of-the-art solution that122

outperforms established competitors across a competitive benchmark. Instead, these examples are123

meant to highlight the elegance, structural flexibility, and highly efficient dual optimization problems124

of the kSoS framework. By demonstrating its natural adaptability to diverse statistical problems, our125

intent here is to advocate for its broader adoption and inspire further exploration of its potential126

within the community.127

The paper is organized as follows. In Section 2, we begin by introducing the kSoS framework128

developed by Marteau-Ferey et al. (2020). We follow in Section 3 by generalizing this framework129

to jointly learn RKHS and kSoS functions, and show that a finite-dimensional representation still130

holds through a new representer theorem. We then prove that an associated dual formulation can131

still be derived, and that kernel low-rank approximation can be used to handle large scale estimation132

problems. Then, Section 4 is dedicated to several practical learning problems. For completeness, in133

Section 4.1 we first derive explicitly the dual formulations for three kSoS problems studied before,134

namely density estimation, heteroscedastic regression and non-crossing multi-quantile regression.135

But in Section 4.2, we introduce two new statistical problems in which we learn concurrently136

an unconstrained function in a RKHS together with kSoS functions. These two problems are137

heteroscedastic regression with unknown mean and variance functions, and non-crossing multi-138

quantile regression problem with unknown median and quantile functions.139

2 Kernel sum-of-squares140

Let us begin by introducing the kSoS framework developed byMarteau-Ferey et al. (2020). Inspired by141

previous work on sum-of-squares, they proposed to model a non-negative function using a quadratic142

form which involves functions in a reproducing kernel Hilbert space (RKHS). Before providing the143

definition, we first introduce the necessary notations. We will write a RKHS ℋ with associated144

feature map 𝜙 ∶ 𝒳 ⟶ ℋ and kernel 𝑘. We denote by 𝒮(ℋ) the set of bounded Hermitian linear145

operators from ℋ to ℋ and by 𝒮+(ℋ) those that are positive semi-definite (PSD). We also write146

𝕊𝑟 ∶= 𝕊 (ℝ𝑟×𝑟 ) the set of real and symmetric matrices of size 𝑟 , and 𝕊𝑟+ ∶= 𝕊+ (ℝ𝑟×𝑟 ) the set of real,147

symmetric and PSD matrices of size 𝑟 . A kernel sum-of-squares function is defined for each 𝑥 ∈ 𝒳148

as the quadratic form149

𝑓𝒜 (𝑥) = ⟨𝜙(𝑥), 𝒜𝜙(𝑥)⟩ℋ , 𝒜 ∈ 𝒮+(ℋ). (1)
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Because 𝒜 is a positive semi-definite operator, it admits a spectral decomposion given by 𝒜 =150

∑𝑖≥0 𝜇𝑖(𝑢𝑖 ⊗ 𝑢𝑖) where 𝜇𝑖 > 0 are the eigenvalues and 𝑢𝑖 ∈ ℋ the eigenfunctions of 𝒜 . Using this151

decomposition, the function 𝑓𝒜 writes as152

𝑓𝒜 (𝑥) = ∑
𝑖≥0

𝜇𝑖⟨𝜙(𝑥), (𝑢𝑖 ⊗ 𝑢𝑖)𝜙(𝑥)⟩ℋ = ∑
𝑖≥0

𝜇𝑖⟨𝜙(𝑥), 𝑢𝑖⟨𝑢𝑖, 𝜙(𝑥)⟩ℋ ⟩ℋ = ∑
𝑖≥0

(√𝜇𝑖⟨𝑢𝑖, 𝜙(𝑥)⟩ℋ )2.

This simple derivation shows that the quadratic form in Equation 1 actually corresponds to a sum-153

of-squares function, and is thus non-negative everywhere. Interestingly, such a kSoS function is154

entirely characterized by its associated positive semi-definite operator 𝒜 .155

With this definition, we are now ready to discuss statistical learning tasks where we want to estimate156

a non-negative function 𝑓𝒜 , which is equivalent to estimate its associated operator𝒜 . Marteau-Ferey157

et al. (2020) introduced a regularized learning problem, where the unknown optimization variable is158

a kSoS function as defined in Equation 1. Considering a training sample of features 𝑥1, … , 𝑥𝑛, a loss159

function 𝐿 defined on the point-wise function evaluations at the training points and a regularization160

function Ω on the unknown operator, their problem writes as:161

inf
𝒜∈𝒮+(ℋ)

𝐿(𝑓𝒜 (𝑥1), … , 𝑓𝒜 (𝑥𝑛)) + Ω(𝒜). (2)

We can observe the similarity with standard kernel problems, where the traditional optimization162

variable 𝑓 ∈ ℋ is replaced with 𝒜 ∈ 𝒮+(ℋ). As noted by Marteau-Ferey et al. (2020), the existence163

and uniqueness of solutions in Problem 2 heavily depend on the shape of the regularization function.164

In their original paper, they mainly focus on the elastic-net regularization given by165

Ω(𝒜) = 𝜆1‖𝒜‖⋆ + 𝜆2‖𝒜‖2𝐹 , (3)

but their theoretical result actually holds for a wider class of regularization functions, which we will166

introduce and discuss later.167

The main result in Marteau-Ferey et al. (2020) is the following representer theorem, which states168

that Problem 2 admits a solution and that this solution is finite-dimensional.169

Theorem 2.1. Let 𝐿 be a lower semi-continuous and bounded below function and Ω defined as in170

Equation 3. The learning problem in Equation 2 admits a solution 𝒜⋆ writing as:171

𝒜⋆ =
𝑛
∑
𝑖,𝑗=1

B𝑖𝑗𝜙(𝑥𝑖)𝜙(𝑥𝑗)⊤ for some matrix B ∈ 𝕊𝑛+,

with 𝑓𝒜 ⋆(𝑥) = ∑𝑛
𝑖,𝑗=1 B𝑖𝑗𝑘(𝑥, 𝑥𝑖)𝑘(𝑥, 𝑥𝑗).172

Crucially, the estimation of the infinite-dimensional operator 𝒜 is replaced with the estimation of173

a PSD matrix B of size 𝑛 × 𝑛. As an illustration of this representer theorem, Marteau-Ferey et al.174

(2020) present two learning problems, heteroscedastic regression and non-crossing multi-quantiles175

regression. The former is inherently a non-negative function estimation task since the goal is to learn176

the variance function, while the latter comes from a smart reparameterization trick: quantile functions177

are modelled as non-negative increments around the median function to ensure non-crossing, and178

these increments are precisely the non-negative functions which are learned. In addition, their179

original work was also generalized later for global optimization (Rudi et al. 2025) or to learn convex180

functions (Muzellec et al. 2022).181

Unfortunately, although powerful and ground-breaking for non-negative function estimation, this182

theorem does not apply to all practical scenarios. First, some statistical problems necessitate to183

learn, in addition of a positive function, an unconstrained general-valued function. For instance184

in heteroscedastic regression, we may want to learn the variance as a non-negative function and185

the mean as a general real-valued function. Similarly, in the non-crossing multi-quantile setting186
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of Marteau-Ferey et al. (2020), the median function may be learned simultaneously but without187

non-negativity constraints. This practical situation also arises when learning a conformal score188

function as was done in the work of Allain et al. (2025). Second, other statistical problems require189

to learn multiple kSoS functions at once: this has been done in Theorem 6 from Marteau-Ferey et190

al. (2020), which encompasses their example on multi-quantile regression. But this extension only191

considers multiple kSoS functions defined with operators acting on the same RKHS. Even if in practice192

we may use the same kernel for all functions, it is frequent to model them with different kernel193

lengthscales for flexibility, which ultimately yields different RKHS: the original setting introduced by194

Marteau-Ferey et al. (2020) thus does not apply here. To handle those two practical situations, there195

is the need to extend Theorem 2.1.196

Interestingly, preliminary attempts have been proposed in previous work: in the context of conformal197

score learning, Allain et al. (2025) proved a representer theorem for one RKHS function and one kSoS198

function for a very specific loss function, while Vacher et al. (2024) also considered a problem with199

two RKHS functions and one kSoS function for a loss related to optimal transport. In parallel, Allain200

et al. (2026) proved a representer theorem for a general loss function and multiple kSoS functions,201

each with its own kernel, but without additional unconstrained functions. In the next section, we202

thus unify all settings into a single framework, showing that it is possible to learn 𝑝 real-valued203

functions, each in their own RKHS, alongside 𝑞 kSoS functions with operators defined on different204

RHKS as well.205

3 Generalized representer theorem206

Our main result is Theorem 3.1 below, which follows the generalization of Theorem 2.1 to multiple207

kSoS functions proposed by Allain et al. (2026). Let us first start with some notations.208

We consider a collection of 𝑝 RKHS ℋ 𝑔
𝑙 , 𝑙 = 1, … , 𝑝 and 𝑞 RKHS ℋ 𝑓

𝑠 , 𝑠 = 1, … , 𝑞. To each RKHS ℋ 𝑔
𝑙209

and ℋ 𝑓
𝑠 is associated a unique kernel 𝑘𝑔𝑙 and 𝑘𝑓𝑠 with feature map 𝜙𝑔𝑙 and 𝜙𝑓𝑠 , respectively. For our210

learning problem, these function spaces allow us to introduce our key objects of interest:211

• The 𝑝 unknown real-valued functions 𝑔𝑙 ∶ 𝒳 → ℝ in a RKHS ℋ 𝑔
𝑙 for 𝑙 = 1, … , 𝑝212

• The 𝑞 unknown kSoS functions 𝑓𝒜𝑠 ∶ 𝒳 → ℝ+ parameterized by a positive semi-definite213

operator 𝒜𝑠 ∈ 𝒮+(ℋ
𝑓
𝑠 ) defined on a RKHS ℋ 𝑓

𝑠 with 𝑓𝒜𝑠(𝑥) = ⟨𝜙𝑓𝑠 (𝑥), 𝒜𝑠𝜙
𝑓
𝑠 (𝑥)⟩ℋ 𝑓

𝑠
for 𝑠 =214

1, … , 𝑞215

• The collection of RKHS functions 𝑔 ∶= (𝑔1, … , 𝑔𝑝) ∈ 𝒦 𝑔(ℋ 𝑔
1 , … ,ℋ 𝑔

𝑝 ) ∶= ℋ 𝑔
1 × ⋯ × ℋ 𝑔

𝑝216

• The collection of operators 𝒜 ∶= (𝒜1, … ,𝒜𝑞) ∈ 𝒦 𝑓 (ℋ 𝑓
1 , … ,ℋ 𝑓

𝑞 ) ∶= 𝒮+(ℋ
𝑓
1 ) ×⋯ ×𝒮+(ℋ

𝑓
𝑞 )217

• The collection of RKHS function evaluations 𝑔(𝑥) ∶= (𝑔1(𝑥), … , 𝑔𝑝(𝑥)) ∈ ℝ𝑝 , ∀𝑥 ∈ 𝒳218

• The collection of kSoS function evaluations 𝑓𝒜 (𝑥) ∶= 𝑓𝒜1,…,𝒜𝑞(𝑥) = (𝑓𝒜1(𝑥), … , 𝑓𝒜𝑞(𝑥)) ∈219

ℝ𝑞+, ∀𝑥 ∈ 𝒳220

Finally, for a training sample 𝑥1, … , 𝑥𝑛 of features, we denote K𝑔
𝑙 the kernel matrix with elements221

[K𝑔
𝑙 ]𝑖𝑗 = 𝑘𝑔𝑙 (𝑥𝑖, 𝑥𝑗) and 𝑘𝑔𝑙 (𝑥) the column vector defined by222

𝑘𝑔𝑙 (𝑥) = (𝑘𝑔𝑙 (𝑥, 𝑥1), … , 𝑘𝑔𝑙 (𝑥, 𝑥𝑛))
⊤

for any 𝑥 ∈ 𝒳 . Similarly, we introduce K𝑓
𝑠 , 𝑘

𝑓
𝑠 (𝑥) and further consider a decomposition K𝑓

𝑠 = V⊤
𝑠 V𝑠223

with V𝑠 ∈ ℝ𝑟𝑠×𝑛 where 𝑟𝑠 is the rank of K𝑓
𝑠 , and the empirical feature map224

Φ𝑠(𝑥) = (V𝑠V⊤
𝑠 )−1V𝑠𝑘

𝑓
𝑠 (𝑥). (4)
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With these notations, we now introduce a new statistical learning problem for both RKHS and225

kSoS functions which extends Problem 2. We consider a training sample of features 𝑥1, … , 𝑥𝑛, a226

new loss function 𝐿 which also incorporates point-wise evaluations of the RKHS functions, and a227

regularization broken down into two parts: the usual kSoS regularizer of Marteau-Ferey et al. (2020)228

plus a regularizer for each RKHS function. Our learning problem writes as:229

inf
𝑔∈𝒦 𝑔(ℋ 𝑔

1 ,…,ℋ
𝑔
𝑝 )

𝒜∈𝒦 𝑓 (ℋ 𝑓
1 ,…,ℋ

𝑓
𝑞 )

𝐿 (𝑔(𝑥1), … , 𝑔(𝑥𝑛), 𝑓𝒜 (𝑥1), … , 𝑓𝒜 (𝑥𝑛)) +
𝑝
∑
𝑙=1

𝑅𝑙(‖𝑔𝑙‖ℋ 𝑔
𝑙
) +

𝑞
∑
𝑠=1

Ω𝑠(𝒜𝑠). (5)

The kSoS regularizers Ω𝑠 are assumed to satisfy the same broad assumption given by Marteau-Ferey230

et al. (2020), which we recall in Assumption 3.1 below. For the RKHS functions, we consider the usual231

RKHS-norm regularization 𝑅𝑙(‖𝑔𝑙‖ℋ 𝑔
𝑙
) (Schölkopf and Smola 2002) with the 𝑅𝑙 functions satisfying232

Assumption 3.2.233

Assumption 3.1. For each 𝑠 = 1, … , 𝑞, Ω𝑠 writes as234

Ω𝑠(𝒜𝑠) = {
Tr (ℎ𝑠(𝒜𝑠)) = ∑𝑘 ℎ𝑠(𝜎𝑘) if 𝒜𝑠 = 𝑈 Diag(𝜎) 𝑈⊤, ∑𝑘 ℎ𝑠(𝜎𝑘) < +∞,
+∞ otherwise,

where ℎ𝑠 ∶ ℝ → ℝ+ is lower semi-continuous, non-decreasing on ℝ+ with ℎ𝑠(0) = 0, and such that235

ℎ𝑠(𝜎) → +∞ as |𝜎 | → +∞.236

Assumption 3.2. For each 𝑙 = 1, … , 𝑝, 𝑅𝑙 ∶ [0,∞) → ℝ+ is an increasing, lower semi-continuous and237

coercive function.238

Our generalized representer theorem states that Problem 5 admits a solution and that this solution is239

finite-dimensional. Compared to Theorem 2.1, observe that we do not require the loss to be bounded240

below, but only the complete objective function to be coercive, which broadens the applicability of241

the theorem. Obviously our theorem encompasses Theorem 2.1, because lower semi-continuous242

functions which are bounded below are automatically coercive.243

Theorem 3.1. Let 𝐿 be a a lower semi-continuous loss function and regularizers 𝑅𝑙 satisfying Assump-244

tion 3.2 and Ω𝑠 satisfying Assumption 3.1. Then, under the assumption that the objective function is245

coercive, Problem 5 admits a solution (𝑔⋆, 𝒜 ⋆) with the finite-dimensional representation246

𝑔⋆𝑙 (𝑥) =
𝑛
∑
𝑖=1

𝛾 𝑙 𝑖 𝑘
𝑔
𝑙 (𝑥, 𝑥𝑖), 𝒜⋆

𝑠 =
𝑛
∑
𝑖,𝑗=1

[B𝑠]𝑖𝑗 𝜙
𝑓
𝑠 (𝑥𝑖)𝜙

𝑓
𝑠 (𝑥𝑗)⊤ (6)

such that 𝑓𝒜 ⋆
𝑠 can be written as247

𝑓𝒜 ⋆
𝑠 (𝑥) =

𝑛
∑
𝑖,𝑗=1

[B𝑠]𝑖𝑗 𝑘
𝑓
𝑠 (𝑥𝑖, 𝑥) 𝑘

𝑓
𝑠 (𝑥𝑗 , 𝑥) (7)

for 𝑝 vectors 𝛾 𝑙 ∈ ℝ𝑛, 𝑙 = 1, … , 𝑝 and 𝑞 matrices B𝑠 ∈ 𝕊𝑛+, 𝑠 = 1, … , 𝑞.248

The proof is given in Section 6.2 and follows the main steps of representer theorems in the literature.249

We first show that the objective function does not increase after projection in the finite-dimensional250

subspace spanned by the data. Then, we show that if the minimum exists it must have bounded251

norm, and then conclude by showing that such a minimum exists. Remark that our proof differs252

from the scheme proposed by both Allain et al. (2025) and Vacher et al. (2024): in their work they253

first show that a minimum of the infinite-dimensional problem exists, and then use a block-wise254

argument for the representer theorem (fix all functions but one, then previous representer theorems255

apply, and iterate over the functions). We prefer here the projection argument because it delivers256
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existence and the representer form simultaneously.257

The outcome of this representer theorem is a primal formulation with 𝑝 vectors of size 𝑛 and 𝑞 PSD258

matrices of size 𝑛 × 𝑛 to learn. Clearly this primal formulation is easy to implement and solve using259

off-the-shelf solvers such as SCS (O’Donoghue 2021; O’Donoghue et al. 2023). But of practical interest260

is also the following equivalent finite-dimensional reparameterization based on the empirical feature261

map, which was proposed in Marteau-Ferey et al. (2020). Indeed, this alternative parameterization262

was shown to be more computationally efficient by Allain et al. (2025) while still relying on easy-to-263

use semi-definite program (SDP) solvers, but it also paves the way for kernel low-rank approximation264

techniques which we will discuss later. More precisely, define265

̃𝑓A𝑠(𝑥) = Φ𝑠(𝑥)⊤A𝑠 Φ𝑠(𝑥) (8)

for 𝑠 = 1, … , 𝑞, where the matrix A𝑠 is of size 𝑟𝑠 , the rank of K𝑓
𝑠 , since the empirical feature map Φ𝑠(𝑥)266

is of size 𝑟𝑠 . With these notations, the following proposition shows that we obtain the same solution267

if we optimize the PSD matrices A1, … ,A𝑞 instead of B1, … ,B𝑞 .268

Proposition 3.1. Under the assumptions of Theorem 3.1, the following problem has at least one solution,269

which is unique if 𝑔𝑙 ↦ 𝑅𝑙(‖𝑔𝑙‖ℋ 𝑔
𝑙
), Ω𝑠 are strongly convex for all 1 ≤ 𝑙 ≤ 𝑝 and 1 ≤ 𝑠 ≤ 𝑞 and 𝐿 is270

convex:271

inf
𝛾 1,…,𝛾𝑝∈ℝ

𝑛

A1∈𝕊
𝑟1
+ ,…,A𝑞∈𝕊

𝑟𝑞
+

𝐿 ((𝑘𝑔𝑙 (𝑥𝑖)
⊤𝛾 𝑙)1≤𝑖≤𝑛, 1≤𝑙≤𝑝 , ( ̃𝑓A𝑠(𝑥𝑖))1≤𝑖≤𝑛, 1≤𝑠≤𝑞)

+
𝑝
∑
𝑙=1

𝑅𝑙 (√𝛾
⊤
𝑙 K

𝑔
𝑙 𝛾 𝑙) +

𝑞
∑
𝑠=1

Ω𝑠(A𝑠).

(9)

Moreover, for any given solution A⋆
1 ∈ 𝕊𝑟1+ , … ,A⋆

𝑞 ∈ 𝕊
𝑟𝑞
+ of Problem 9, the functions ( ̃𝑓A⋆

𝑠 )1≤𝑠≤𝑞 are272

minimizers of Problem 5.273

Proof. The proof is exactly the same as in Allain et al. (2026, Proposition A.6), since the new274

parameterization does not involve functions 𝑔𝑙 .275

In case of rank-deficient kernels, where 𝑟𝑠 < 𝑛, this reparameterization allows to limit the size of276

the optimization variables. As mentioned before, it was also shown to be more efficient from a277

numerical perspective in the extensive experiments of Allain et al. (2025). In practice we thus heavily278

recommend to solve Problem 9.279

However, even with this reformulation, the finite-dimensional problem is still a semi-definite program,280

with unknown variables of size 𝑛 × 𝑛 or 𝑟𝑠 × 𝑟𝑠 . In order to reduce the number of optimization variables281

and break free from the PSD constraints, we now propose to adapt the dual formulation proposed by282

Marteau-Ferey et al. (2020) for Theorem 2.1 to our generalized representer theorem, which holds283

when the loss function 𝐿 is convex. We show that Fenchel duality (Borwein and Lewis 2006 Theorem284

3.3.5) applies to Problem 9, when considering specific regularizers. Specifically, for RKHS functions285

we consider the ridge regularization286

𝑅𝑙(𝑢) = 𝜆𝑔𝑙 𝑢
2, (10)

which satisfies Assumption 3.2. For kSoS functions, we consider the same regularizer asMarteau-Ferey287

et al. (2020), the elastic-net regularizer Ω𝑠(𝒜) = 𝜆𝑓𝑠1‖𝒜‖⋆ + 𝜆𝑓𝑠2‖𝒜‖2𝐹 , which satisfies Assumption 3.1288

with functions ℎ𝑠(𝑧) = 𝜆𝑓𝑠1|𝑧| + 𝜆𝑓𝑠2𝑧2.289

Theorem 3.2. Assume 𝐿 is a lower semi-continuous proper convex function and 𝑅𝑙 and Ω𝑠 are as290

defined above with 𝜆𝑔𝑙 , 𝜆
𝑓
𝑠2 > 0 for all 𝑙 = 1, … , 𝑝 and 𝑠 = 1, … , 𝑞. Assume further that there exist291
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𝛾 0𝑙 ∈ ℝ𝑛, A0
𝑠 ∈ 𝕊𝑟𝑠+ such that 𝐿 is continuous in (𝑘𝑔𝑙 (𝑥𝑖)

⊤𝛾 0𝑙 )1≤𝑖≤𝑛, 1≤𝑙≤𝑝 and ( ̃𝑓A0
𝑠
(𝑥𝑖))1≤𝑖≤𝑛, 1≤𝑠≤𝑞 . Then292

Problem 9 has the following dual formulation:293

sup
𝛼1,…,𝛼𝑞∈ℝ𝑛

𝛽1,…,𝛽𝑝∈ℝ
𝑛

− 𝐿⋆((−𝛽 𝑙)1≤𝑙≤𝑝 , (−𝛼 𝑠)1≤𝑠≤𝑞) −
𝑝
∑
𝑙=1

1
4𝜆𝑔𝑙

𝛽⊤𝑙 K
𝑔
𝑙 𝛽 𝑙

−
𝑞
∑
𝑠=1

1

4𝜆𝑓𝑠2
‖[V𝑠Diag(𝛼 𝑠)V⊤

𝑠 − 𝜆𝑓𝑠1I𝑟𝑠]+‖
2

𝐹

(11)

where 𝐿⋆ is the Fenchel conjugate of 𝐿 and [M]+ denotes the positive part of a symmetric matrixM ∈ 𝕊𝑟 ,294

i.e. [M]+ = Q+Q⊤ ifM has the eigendecompositionM = QQ⊤ and + is a diagonal matrix with elements295

[+]𝑖𝑖 = max([]𝑖𝑖, 0) for 𝑖 = 1, … , 𝑟 . Moreover, if 𝛼⋆1 , … , 𝛼⋆𝑞 , 𝛽
⋆
1 , … , 𝛽⋆𝑝 ∈ ℝ𝑛 is a solution of Problem 11, a296

solution of Problem 5 can be retrieved as297

𝑔⋆𝑙 (𝑥) =
1

2𝜆𝑔𝑙
𝑘𝑔𝑙 (𝑥)

⊤𝛽⋆𝑙 , (12)

298

𝑓𝒜 ⋆
𝑠 (𝑥) = ̃𝑓A⋆

𝑠 (𝑥), A
⋆
𝑠 = 1

2𝜆𝑓𝑠2
[V𝑠Diag(𝛼 𝑠)V⊤

𝑠 − 𝜆𝑓𝑠1I𝑟𝑠]+ . (13)

The proof can be found in Section 6.3 and relies on Theorem 3.3.5 from Borwein and Lewis (2006), for299

which we also derive the Fenchel conjugate of the regularization functions. Theorem 3.2 allows to300

transform the primal problem with 𝑞 positive semi-definite constraints and 𝑝𝑛 + 𝑞𝑛2 variables, into301

an optimization problem with only (𝑝 + 𝑞)𝑛 variables and no positive semi-definite constraint. If the302

dual formulation is differentiable, as in all the examples we study here, highly efficient off-the-shelf303

solvers can be used such as L-BFGS (Liu and Nocedal 1989) or accelerated gradient descent (AGD)304

methods (Barré et al. 2022; Truong and Nguyen 2021). They only require the gradient of the dual305

objective function: the gradient of the regularizer conjugates is available in closed-form, and the306

gradient of the conjugate loss function is tractable in many instances, see Section 6.4 for examples.307

When the loss function conjugate is not smooth or when it involves simple non-linear constraints,308

note that AGD methods can be adapted, such as proximal or projected variants.309

This dual formulation, thanks to its linear scaling in the optimization variables, makes it possible to310

consider larger sample size problems than the primal, up to a few thousand samples in our experience.311

To scale even further, interestingly our statistical learning problem can also benefit from kernel312

low-rank approximation, significantly speeding up computation when the data exhibit a low-rank313

structure. Indeed, recall that Equation 4 gives the empirical feature map for a rank-deficient kernel314

matrix K𝑓
𝑠 , while it simplifies to Φ𝑠(𝑥) = V−⊤

𝑠 𝑘𝑓𝑠 (𝑥) when the kernel matrix is full rank, that is when315

𝑟𝑠 = 𝑛. The idea is that even in cases where the kernel matrix is inherently full rank, we can replace316

it with a low-rank approximation to accelerate computations by using Equation 4. To compute317

such low-rank kernel approximation, we can rely on the numerous methods available in the kernel318

literature, such as Nyström (Williams and Seeger 2000), Random Fourier Features (Rahimi and Recht319

2007) or randomized SVD (Halko et al. 2011). Taking advantage of such low-rank approximation320

has major practical benefits. First, for the primal formulation given in Problem 9, as previously321

observed this reduces the complexity of the SDP problem from 𝑞 PSD matrices all of size 𝑛 × 𝑛 to 𝑞322

matrices each of small size 𝑟𝑠 × 𝑟𝑠 for 1 ≤ 𝑠 ≤ 𝑞. Second, for the dual formulation, although the number323

of optimization variables remains the same, computing the positive part of a matrix actually now324

applies to matrices of size 𝑟𝑠 × 𝑟𝑠 for 1 ≤ 𝑠 ≤ 𝑞 instead of 𝑞 matrices of size 𝑛 × 𝑛, thereby reducing the325

complexity of each dual iteration from 𝒪(𝑛3) to 𝒪(max1≤𝑠≤𝑞(𝑟𝑠)3), since the positive part involves an326

eigenvalue decomposition. This leads to significant computational savings in practice, with almost327

no approximation error if the low-rank approximations are carefully designed, as we illustrate in our328
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numerical experiments below. This strategy also proved successful in Vacher et al. (2024) and Allain329

et al. (2026). As future work, we plan to quantify the error incurred by this type of approximation in330

the kSoS framework, similarly to the bounds which have been obtained in the kernel literature, see331

e.g. Yang et al. (2012).332

To summarize, in this section we introduced a new statistical learning problem involving both RKHS333

and kSoS functions, defined on potentially different functions spaces, extending Theorem 2.1. Fol-334

lowing a reparametrization, we also showed that, for specific regularizers and a convex loss function,335

our primal problem admits a convex dual formulation, which reduces the number of optimization336

variables and removes any positive semi-definite constraints. Our results also easily accommodate337

for kernel low-rank approximations, which can help both the primal and dual formulation to scale338

to much larger datasets. In the next section, we finally give several illustrations of kSoS statistical339

learning problems.340

4 Illustration of kSoS on statistical learning problems341

In this section, we illustrate the relevance of kernel sum-of-squares statistical learning through342

several practical applications. First, in Section 4.1, we revisit three examples already introduced by343

Marteau-Ferey et al. (2020) that rely solely on unknown kSoS functions: heteroscedastic regression344

with a known mean, non-crossing multi-quantile regression with a known median, and density345

estimation. To ensure completeness and facilitate practical implementation, we explicitly derive the346

dual formulations for these examples, expanding upon the original paper of Marteau-Ferey et al.347

(2020). While the first two regression problems are treated sequentially, Section 4.2 extends this348

framework to joint learning scenarios. Specifically, we propose to jointly estimate the mean in the349

heteroscedastic regression model and the median in the multi-quantile regression model.350

351

In all experiments, we exclusively use the Matérn 5/2 kernel, parameterized by lengthscales 𝜃(⋅).352

Hyperparameter tuning is systematically performed using a 5-fold cross-validation scheme: this353

applies to kSoS-only and joint learning examples, but also to the pre-computed mean (via kernel ridge354

regression) and median (via kernel quantile regression) functions discussed in Section 4.1. We refer355

the reader to Section Section 7 for all the details and results of the cross-validation procedure on each356

task. In addition, all optimization problems are solved with a low-rank approximation for the kernel357

matrices K𝑓
𝑠 . Specifically, we define V𝑠 = Σ1/2𝑠 U⊤

𝑠 where Σ𝑠 ∈ ℝ𝑟𝑠×𝑟𝑠 is diagonal and U𝑠 ∈ ℝ𝑛×𝑟𝑠 such358

that U⊤
𝑠 U𝑠 = I𝑟𝑠 is semi-unitary obtained through the economy eigendecomposition K𝑓

𝑠 = U𝑠Σ𝑠U⊤
𝑠 ,359

and the rank is chosen in order to guarantee a reconstruction error less than 99.5%. In practice, this360

eigendecomposition is obtained through a singular value decomposition.361

4.1 kSoS-only learning problems362

In this section we focus ourselves on kSoS-only problems and give the detailed dual formulations for363

the three original examples considered by Marteau-Ferey et al. (2020).364

4.1.1 Heteroscedastic regression with known mean365

Assume that we have i.i.d. data (𝑥𝑖, 𝑦𝑖)𝑖=1,…,𝑛 from the heteroscedastic Gaussian noise model366

𝑦𝑖 ∼ 𝒩 (𝜇(𝑥𝑖), 𝑣(𝑥𝑖))

where 𝜇(⋅) and 𝑣(⋅) are the mean and variance function, respectively. Up to constants, the negative367

log-likelihood writes:368

𝐿(𝜇, 𝑣) =
𝑛
∑
𝑖=1

(𝑦𝑖 − 𝜇(𝑥𝑖))2

𝑣(𝑥𝑖)
+

𝑛
∑
𝑖=1

log(𝑣(𝑥𝑖)).
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We place ourselves in the following setting: 𝜇 is considered to be a known function, potentially369

learned separately, and we model the variance function 𝑣 = 1/𝑓𝒜 as the inverse of a kernel SoS370

function defined by a PSD operator 𝒜 ∈ 𝒮+ (ℋ 𝑓 ) with kernel 𝑘𝑓 and lengthscale 𝜃𝑓 . With this371

parameterization, the negative log-likelihood becomes convex in 𝒜 . Proposition 4.1 below gives the372

primal and dual formuations associated to learning the function 𝑓𝒜 = 1/𝑣 .373

Proposition 4.1. Assume that Ω is as in Equation 3 with 𝜆𝑓2 > 0. For some known mean function 𝜇(⋅),374

unknown variance function 𝑣(⋅) > 0 and denoting 𝑡 = (𝑡1, … , 𝑡𝑛) with 𝑡𝑖 = (𝑦𝑖 − 𝜇(𝑥𝑖))2 the vector of375

squared residuals, the maximum likelihood estimator for heteroscedastic regression writes376

inf
𝒜∈𝒮+(ℋ 𝑓 )

𝑛
∑
𝑖=1

𝑡𝑖𝑓𝒜 (𝑥𝑖) −
𝑛
∑
𝑖=1

log(𝑓𝒜 (𝑥𝑖)) + Ω(𝒜)

with finite-dimensional equivalent:377

inf
A∈𝕊𝑟+

𝑛
∑
𝑖=1

𝑡𝑖 ̃𝑓A(𝑥𝑖) −
𝑛
∑
𝑖=1

log( ̃𝑓A(𝑥𝑖)) + Ω(A).

The associated dual formulation is378

sup
𝛼∈ℝ𝑛

𝛼+𝑡>0

𝑛 +
𝑛
∑
𝑖=1

log (𝛼𝑖 + 𝑡𝑖) −
1

4𝜆𝑓2
‖[VDiag(𝛼)V⊤ − 𝜆𝑓1 I𝑟 ]+‖2𝐹 . (14)

The proof can be found in Section 6.4. The primal formulation is derived directly from Theorem 2.1,379

or from Theorem 3.1 with 𝑝 = 0 and 𝑞 = 1. On the other hand, the dual formulation is380

obtained by computing the Fenchel conjugate of the convex and bounded below loss function381

𝐿(𝑢1, … , 𝑢𝑛) = ∑𝑛
𝑖=1 𝑡𝑖𝑢𝑖 −∑𝑛

𝑖=1 log(𝑢𝑖).382

383

Let us then investigate this learning problem on the following synthetic dataset inspired by Gramacy384

and Lee (2009):385

𝑥𝑖 ∼ 𝒰(−1, 1), 𝑦𝑖 = 𝜇(𝑥𝑖) + 𝜎(𝑥𝑖)𝜖𝑖,

where 𝜇(𝑥) = 𝜔(𝑥)𝕀𝑥≤𝑐 + (𝑥 − 9/10)𝕀𝑥>𝑐 , 𝜔(𝑥) = sin(𝜋(2𝑥 + 1/5)) + 0.2 cos(4𝜋(2𝑥 + 1/5)), 𝑐 = 0.86,386

𝜎(𝑥) = √0.1 + 2𝑥2 and 𝜖𝑖 ∼ 𝒩 (0, 1). Figure 1 shows the best model selected by cross-validation on387

a training sample of size 𝑛 = 1000 (full lines) versus the true mean (dashed red line) and the true388

confidence bands at level 95% (dashed orange line). More precisely, we first solve a kernel ridge389

regression problem for the mean function (full red line), and then solve Equation 14 to estimate the390

variance function, from which we construct the estimated 95% confidence bands (full orange lines).391

We observe that the predicted intervals are able to recover the shape of the true heteroscedastic noise:392

narrow where the variance is small, in the center, and wide near the boundaries of the input domain,393

where the true variance is larger. For future reference, we also display the root mean squared error394

(RMSE) for both mean and variance functions computed on a test set of size 300.395

4.1.2 Non-crossing multi-quantile regression with known median396

Given an i.i.d. sample (𝑥𝑖, 𝑦𝑖)𝑖=1,…,𝑛 from a joint distribution 𝑃𝑋𝑌 , our objective is to estimate multiple397

quantiles of the conditional distribution 𝑃(𝑌 |𝑋 = 𝑥), i.e. estimate functions 𝑞𝜏 (𝑥) where 𝑃(𝑌 >398

𝑞𝜏 (𝑋)|𝑋 = 𝑥) = 𝜏 for several 𝜏 ∈ (0, 1). For notational convenience, let us denote 𝜏−1, … , 𝜏−𝑞− ∈399

(0, 0.5) the quantile levels to be estimated that are less than 0.5 in decreasing order, 𝜏1, … , 𝜏𝑞+ ∈ (0.5, 1)400

those which are greater than 0.5 in increasing order, and 𝑞0.5 the conditional median which is assumed401

to be known, once again possibly learned beforehand.402
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Figure 1: Heteroscedastic regression with known mean, trained with cross-validation on 𝑛 = 1000
training samples (grey). Mean (red) and 95% confidence intervals (orange), true (dashed line) versus
estimation (full line).

We focus here on the pinball loss 𝜌𝜏 (𝑢) = max(𝜏𝑢, (𝜏 −1)𝑢): the statistical learning problem associated403

to multi-quantile regression thus writes404

inf
{𝑞𝜏−𝑗 }

𝑞−
𝑗=1, {𝑞𝜏𝑘 }

𝑞+
𝑘=1

𝑞−
∑
𝑗=1

𝑛
∑
𝑖=1

𝜌𝜏−𝑗 (𝑦𝑖 − 𝑞𝜏−𝑗 (𝑥𝑖)) +
𝑞+
∑
𝑘=1

𝑛
∑
𝑖=1

𝜌𝜏𝑘 (𝑦𝑖 − 𝑞𝜏𝑘 (𝑥𝑖)).

In order to enforce non-crossing among quantiles, i.e. to guarantee that ∀𝑥, 𝑞𝜏 (𝑥) ≤ 𝑞𝜏 ′(𝑥) if 𝜏 ≤ 𝜏 ′,405

we follow here the proposal of Marteau-Ferey et al. (2020) and model the quantiles as406

𝑞𝜏−𝑗 (𝑥) = 𝑞0.5(𝑥) −
𝑗
∑
𝑗′=1

𝑓𝒜−𝑗′(𝑥)

𝑞𝜏𝑘 (𝑥) = 𝑞0.5(𝑥) +
𝑘
∑
𝑘′=1

𝑓𝒜𝑘′(𝑥)

for kSoS functions 𝑓𝒜−𝑗 for 𝑗 = 1, … , 𝑞− and 𝑓𝒜𝑘 for 𝑘 = 1, … , 𝑞+. Thanks to these expressions writing407

as cumulative sums of non-negative functions, non-crossing is guaranteed everywhere by design.408

The following proposition gives the primal and dual formulations associated to this learning problem,409

with a known conditional median function.410

Proposition 4.2. Assume that Ω−𝑗 and Ω𝑘 are elastic-net regularizations as in Equation 3 with411

𝜆𝑓−𝑗2, 𝜆
𝑓
𝑘2 > 0. Denoting 𝑡 = (𝑡1, … , 𝑡𝑛) with 𝑡𝑖 = 𝑦𝑖 − 𝑞0.5(𝑥𝑖) the vector of residuals around the median,412
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the non-crossing multi-quantile regression problem with known median writes413

inf
{𝒜−𝑗}

𝑞−
𝑗=1∈∏

𝑞−
𝑗=1 𝒮+(ℋ

𝑓
−𝑗)

{𝒜𝑘}
𝑞+
𝑘=1∈∏

𝑞+
𝑘=1 𝒮+(ℋ

𝑓
𝑘 )

𝑞−
∑
𝑗=1

𝑛
∑
𝑖=1

𝜌𝜏−𝑗 (𝑡𝑖 +
𝑗
∑
𝑗′=1

𝑓𝒜−𝑗′(𝑥𝑖)) +
𝑞−
∑
𝑗=1

Ω−𝑗(𝒜−𝑗)

+
𝑞+
∑
𝑘=1

𝑛
∑
𝑖=1

𝜌𝜏𝑘 (𝑡𝑖 −
𝑘
∑
𝑘′=1

𝑓𝒜𝑘′(𝑥𝑖)) +
𝑞+
∑
𝑘=1

Ω𝑘(𝒜𝑘),

with finite-dimensional equivalent:414

inf
{A−𝑗}

𝑞−
𝑗=1∈∏

𝑞−
𝑗=1 𝕊

𝑟−𝑗
+

{A𝑘}
𝑞+
𝑘=1∈∏

𝑞+
𝑘=1 𝕊

𝑟𝑘
+

𝑞−
∑
𝑗=1

𝑛
∑
𝑖=1

𝜌𝜏−𝑗 (𝑡𝑖 +
𝑗
∑
𝑗′=1

̃𝑓A−𝑗′(𝑥𝑖)) +
𝑞−
∑
𝑗=1

Ω−𝑗(A−𝑗)

+
𝑞+
∑
𝑘=1

𝑛
∑
𝑖=1

𝜌𝜏𝑘 (𝑡𝑖 −
𝑘
∑
𝑘′=1

̃𝑓A𝑘′(𝑥𝑖)) +
𝑞+
∑
𝑘=1

Ω𝑘(A𝑘).

The associated dual formulation is415

sup
𝛼−𝑗∈[𝜏−𝑗−1,𝜏−𝑗], 𝑗=1,…,𝑞−
𝛼𝑘∈[𝜏𝑘−1,𝜏𝑘], 𝑘=1,…,𝑞+

𝑡⊤ (
𝑞−
∑
𝑗=1

𝛼−𝑗 +
𝑞+
∑
𝑘=1

𝛼𝑘)

−
𝑞−
∑
𝑗=1

1

4𝜆𝑓−𝑗2
‖[V−𝑗Diag (−

𝑞−
∑
𝑙=𝑗

𝛼−𝑙)V⊤
−𝑗 − 𝜆𝑓−𝑗1I𝑟−𝑗]

+

‖
2

𝐹

−
𝑞+
∑
𝑘=1

1

4𝜆𝑓𝑘2
‖[V𝑘Diag (

𝑞+
∑
𝑙=𝑘

𝛼 𝑙)V⊤
𝑘 − 𝜆𝑓𝑘1I𝑟𝑘]

+
‖
2

𝐹
.

(15)

The proof can be found in Section 6.4 and makes use of our generalized Theorem 3.1 with 𝑝 = 0 and416

𝑞 = 𝑞− + 𝑞+ to derive the primal formulation. Remark that since we consider different RKHS for each417

kSoS function, we apply Theorem 3.1, even though the less general version of Allain et al. (2026,418

Theorem A.2) would have sufficed here. The dual formulation is obtained by deriving the Fenchel419

conjugate of the loss function, which writes as the composition of the pinball loss with a linear map.420

Consider now the following data-generating process inspired by Allain et al. (2026):421

𝑥𝑖 ∼ 𝒰[0, 4𝜋], 𝑦𝑖 = sin(𝑥𝑖) + 𝜖𝑖[𝜎−(𝑥𝑖) 1{𝜖𝑖<0} + 𝜎+(𝑥𝑖) 1{𝜖𝑖≥0}],

where 𝜎−(𝑥) = 0.5, 𝜎+(𝑥) = 0.4(sin(𝑥) + 1) + 0.1 and 𝜖𝑖 ∼ 𝒩 (0, 1).422

Figure 2 displays the best model selected by cross-validation when the training is performed sequen-423

tially, on the same 𝑛 = 1000 training samples. First, we train a kernel quantile regression problem to424

target the true conditional median (dashed teal). Then, we solve Equation 15 for all other quantiles425

(dashed purple to yellow). In addition to the predictions on the entire feature space in the center, we426

also provide two zoomed-in views on the left and right to better investigate the estimated quantile427

functions. In the top row, we show the resulting estimations when we use operators defined on the428

same RKHS (thus with same lengthscales 𝜃𝑓 ) for all quantiles. For comparison, in the bottom row, we429

allow different spaces for the quantiles below the median and those above, which we refer to as the430

”free” setting. First, observe that for both configurations, we have non-crossing quantiles, as expected.431

However, some quantiles are poorly estimated in the same lengthscale setting, such as the 0.4 level:432
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Figure 2: Non-crossing multi-quantiles regression with known median, trained with cross-validation
on 𝑛 = 1000 training samples (grey). True quantiles (dashed lines) versus estimation (full lines) with
same lengthscales (top row) and free ones (bottom row). Left and right panels are zoomed-in views
for the boxed areas in the center.
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on the left zoomed-in view it is clear that it collapses on the median. This in turn highly degrades433

the quality of the lower level quantiles 0.3 and 0.2. In the bottom row, where we allow different434

lengthscales for lower and upper quantiles, this gives them more freedom to adapt to the data: this435

time we see that the 0.4 level quantile does not collide with the median anymore, and that the 0.3436

and 0.2 level quantiles are in turn much better estimated. In the right zoomed-in view, we can also437

note that this correction, allowed by selecting different lengthscales across quantile levels, makes it438

possible to better reproduce the waves of the true signal. Indeed, all the quantiles below the median439

are better estimated than with the same lengthscale at the top. In conclusion, this illustration shows440

the benefits of allowing different spaces for kSoS functions: in the small data regime we can expect a441

more accurate estimation of the targets, which is also supported by the smaller RMSE displayed in442

the figure (aggregated across all quantiles and computed on a test set of size 300).443

4.1.3 Density estimation444

Finally, our goal in density estimation is to recover the unknown probability density function 𝑝(𝑥)445

from an i.i.d. sample (𝑥𝑖)𝑖=1,…,𝑛 drawn from 𝑝(𝑥). To achieve this, the model is trained by minimizing446

the empirical negative log-likelihood loss, which is written as:447

𝐿(𝑝) = −1
𝑛

𝑛
∑
𝑖=1

log(𝑝(𝑥𝑖)).

Marteau-Ferey et al. (2020) proposed to parameterize 𝑝(𝑥) = 𝑓𝒜 (𝑥)𝜈(𝑥) as the product of a kSoS448

function defined by a PSD operator𝒜 ∈ 𝒮+ (ℋ 𝑓 )with kernel 𝑘𝑓 and lengthscale 𝜃𝑓 , and where 𝜈 is a449

reference probability density function. They also impose the additional constraint ∫𝒳 𝑓𝒜 (𝑥)𝜈(𝑥)𝑑𝑥 =450

1. Unfortunately, the corresponding infinite-dimensional penalized kSoS problem does not fall in451

the setting of their representer theorem or ours. Indeed, their proof relies on the fact that, after452

projection on the data span, the regularizers must not increase and the evaluations at the data points453

𝑥𝑖 are invariant. But if the learning problem is constrained, the projection must be feasible for the454

proof to still be valid: this is not the case for the integral constraint above. Therefore, following455

Marteau-Ferey et al. (2020) we do not apply the representer theorem and simply consider the sub-456

optimal finite-dimensional approximation. While being sub-optimal, it allows to strictly enforce an457

integral equal to 1. Proposition 4.3 gives the finite-dimensional approximation and its associated458

dual formulation. Note that since 𝜈(𝑥𝑖) is a constant in the optimization problem, we drop 𝜈 from the459

objective function.460

Proposition 4.3. For some reference measure 𝜈 , the finite-dimensional maximum likelihood estimator461

for density estimation writes:462

inf
A∈𝕊𝑟+

−
𝑛
∑
𝑖=1

log( ̃𝑓A(𝑥𝑖)) + Ω(A)

s.t. ∫
𝒳

̃𝑓A(𝑥)𝜈(𝑥)𝑑𝑥 = 1.

The associated dual formulation with Ω from Equation 3 is463

sup
𝜃∈ℝ, 𝛼∈ℝ𝑛

𝛼≥0

− 𝜃 + 𝑛 +
𝑛
∑
𝑖=1

log(𝛼𝑖) −
1

4𝜆𝑓2
‖[VDiag(𝛼)V⊤ − 𝜆𝑓1 I𝑟 − 𝜃W𝜈 ]+‖2𝐹 (16)

where W𝜈 = (VV⊤)−1VM𝜈V⊤(VV⊤)−1 with464

[M𝜈 ]𝑖,𝑗 = ∫
𝒳
𝑘𝑓 (𝑥, 𝑥𝑖)𝑘𝑓 (𝑥, 𝑥𝑗)𝜈(𝑥)𝑑𝑥. (17)
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The proof for the dual formulation is given in Section 6.4, where it is obtained by considering465

the Lagrangian formulation with Lagrange multiplier 𝜃 to include the integral constraint into the dual.466

467

For illustration purposes, we generate data following a mixture of two banana-shaped distributions:468

𝑝(𝑥1, 𝑥2) =
1
2
Banana(𝑥1, 𝑥2; −0.1, −0.4, 0.5) +

1
2
Banana(𝑥1, 𝑥2; 0.3, 0.3, −0.5)

where Banana(𝑥1, 𝑥2; 𝜇, 𝑜, 𝑑) denotes the distribution with density proportional to469

exp (−
(𝑥1 − 𝜇)2

2𝜎21
) exp(−

(𝑥2 − 𝑜 − 𝑑 (𝑥1 − 𝜇)2)2

2𝜎22
)

with 𝜎1 = 0.5 and 𝜎2 = 0.2, which is inspired by the banana-shape distribution introduced in Haario470

et al. (1999).471

2 1 0 1 2
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0.0
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x 2
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0.9
5

0.9
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0.1
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Predicted density
Training data

Figure 3: Density estimation, trained with cross-validation on 𝑛 = 2000 training samples (grey).
Isoquantile contour levels for true density (dashed lines) versus estimation (full lines).

Figure 3 shows the best model selected by cross-validation, where we specifically use an anisotropic472

kernel and take the reference density 𝜈(𝑥) equal to a standard Gaussian with M𝜈 estimated by473

Monte-Carlo. The isoquantile contour levels of the true density are displayed in dashed lines, while474

the estimated ones (full lines) are obtained by solving Equation 16 on a dataset of size 𝑛 = 2000.475

We can observe that they are remarkably well estimated: not only the small ones, from levels 0.1476

in yellow to 0.5 in green, that constitute the two islands in the center, but also the high levels477
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such as 0.8 in seal and 0.9 in blue. Only the right and left 0.95 contour lines of the distribution are478

harder to learn. Overall, we see that the true density is accurately reconstructed and we can check479

numerically that the integral is indeed very close to 1 as displayed in the figure, up to numerical480

approximations. These approximations come from two sources: first, we estimate the displayed481

integral with Monte-Carlo on the density obtained after solving the problem and second, inside the482

optimization algorithm we estimate the matrix M𝜈 in Equation 17 with another Monte-Carlo sample483

(although this approximation error may be removed since it can be computed in closed-form for484

specific choices of kernels and reference density). To summarize, these results show that, while being485

sub-optimal in theory, the finite-dimensional approximation works very well in practice.486

4.2 Joint learning problems487

Now, we introduce two new regression problems which leverage our generalized representer theorem488

for learning jointly RKHS and kSoS functions. These are natural generalizations of the regression489

problems considered in Section 4.1.490

4.2.1 Heteroscedastic regression491

We place ourselves in the same learning setting as in Section 4.1.1. However, this time the mean492

function 𝜇 is supposed to be unknown and must be estimated jointly with the kSoS function 𝑓𝒜 = 1/𝑣 .493

Since the loss function is not convex in (𝜇, 𝒜), we use the parameterization 𝑔(𝑥) = 𝜇(𝑥)/𝑣(𝑥) =494

𝜇(𝑥)𝑓𝒜 (𝑥) for a function 𝑔 in a RKHS ℋ 𝑔 with kernel 𝑘𝑔 and lengthscale 𝜃𝑔 , such that the loss495

function is now jointly convex in (𝑔, 𝒜). The primal and dual formulations for this joint learning496

problem are given in the following proposition.497

Proposition 4.4. Assume that 𝑅 is as in Equation 10 and Ω is as in Equation 3 with 𝜆𝑔 , 𝜆𝑓1 , 𝜆
𝑓
2 > 0.498

The maximum likelihood estimator for heteroscedastic regression writes499

inf
𝑔∈ℋ 𝑔 , 𝒜∈𝒮+(ℋ 𝑓 )

𝑛
∑
𝑖=1

𝑦2𝑖 𝑓𝒜 (𝑥𝑖) +
𝑛
∑
𝑖=1

𝑔(𝑥𝑖)2

𝑓𝒜 (𝑥𝑖)
− 2

𝑛
∑
𝑖=1

𝑦𝑖𝑔(𝑥𝑖) −
𝑛
∑
𝑖=1

log(𝑓𝒜 (𝑥𝑖))

+ 𝑅(‖𝑔‖ℋ 𝑔 ) + Ω(𝒜),

with finite-dimensional equivalent:500

inf
𝛾∈ℝ𝑛, A∈𝕊𝑟+

𝑛
∑
𝑖=1

𝑦2𝑖 ̃𝑓A(𝑥𝑖) +
𝑛
∑
𝑖=1

(𝑘𝑔(𝑥𝑖)⊤𝛾 )2

̃𝑓A(𝑥𝑖)
− 2

𝑛
∑
𝑖=1

𝑦𝑖𝑘
𝑔(𝑥𝑖)⊤𝛾 −

𝑛
∑
𝑖=1

log( ̃𝑓A(𝑥𝑖))

+ 𝑅(√𝛾⊤K𝑔𝛾 ) + Ω(A).

The associated dual formulation is:501

sup
𝛼, 𝛽∈ℝ𝑛

𝛽⊙𝑦+𝛼−𝛽⊙2/4>0

𝑛 +
𝑛
∑
𝑖=1

log (𝛽𝑖𝑦𝑖 + 𝛼𝑖 − 𝛽2𝑖 /4) −
1

4𝜆𝑔
𝛽⊤𝐾𝑔𝛽

− 1

4𝜆𝑓2
‖[VDiag(𝛼)V⊤ − 𝜆𝑓1 I𝑟 ]+‖2𝐹 .

(18)

The proof is given in Section 6.4. Theorem 3.1 directly applies with 𝑝 = 1 and 𝑞 = 1 to obtain the502

primal formulation, and the dual formulation is once again obtained by computing the Fenchel503

conjugate of the loss function.504

505
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Figure 4: Heteroscedastic regression trained with cross-validation on 𝑛 = 1000 training samples
(grey). Mean (red) and 95% confidence intervals (orange), true (dashed line) versus estimation (full
line).

Figure 4 shows the best model after cross-validation. We solve the joint learning problem defined in506

Equation 18 on the exact same dataset as in Section 4.1.1, to estimate the mean and variance functions.507

Interestingly, when compared to the sequential estimation in Figure 1, the joint mean and confidence508

intervals are closer to the target, especially in the center. In the joint setting, the estimation becomes509

slightly rough on the right, but this is largely compensated by a better prediction accuracy in the510

center and in the left of the figure. Evaluating the RMSE for both functions on a test set of size 300,511

these improvements translate both in smaller mean and variance RMSE compared to the sequential512

estimation in Section 4.1.1. This result shows that jointly learning the mean and variance functions513

may be beneficial in practice.514

4.2.2 Non-crossing multi-quantile regression515

We consider here the same formalism as in the quantile regression example in Section 4.1.2. However,516

this time the conditional median function 𝑞0.5 is supposed to be unknown, and we parameterize it517

with a function 𝑔 in a RKHSℋ 𝑔 with kernel 𝑘𝑔 and lengthscale 𝜃𝑔 . The primal and dual formulations518

are given in the following proposition.519

Proposition 4.5. Assume that 𝑅 is as in Equation 10 and Ω−𝑗 and Ω𝑘 as in Equation 3 with520
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𝜆𝑔 , 𝜆𝑓−𝑗2, 𝜆
𝑓
𝑘2 > 0. The non-crossing multi-quantile regression problem writes521

inf
𝑔∈ℋ 𝑔

{𝒜−𝑗}
𝑞−
𝑗=1∈∏

𝑞−
𝑗=1 𝒮+(ℋ

𝑓
−𝑗)

{𝒜𝑘}
𝑞+
𝑘=1∈∏

𝑞+
𝑘=1 𝒮+(ℋ

𝑓
𝑘 )

𝑛
∑
𝑖=1

𝜌𝜏0.5(𝑦𝑖 − 𝑔(𝑥𝑖)) + 𝑅(‖𝑔‖ℋ 𝑔 )

+
𝑞−
∑
𝑗=1

𝑛
∑
𝑖=1

𝜌𝜏−𝑗 (𝑦𝑖 − 𝑔(𝑥𝑖) +
𝑗
∑
𝑗′=1

𝑓𝒜−𝑗′(𝑥𝑖)) +
𝑞−
∑
𝑗=1

Ω−𝑗(𝒜−𝑗)

+
𝑞+
∑
𝑘=1

𝑛
∑
𝑖=1

𝜌𝜏𝑘 (𝑦𝑖 − 𝑔(𝑥𝑖) −
𝑘
∑
𝑘′=1

𝑓𝒜𝑘′(𝑥)) +
𝑞+
∑
𝑘=1

Ω𝑘(𝒜𝑘),

with finite-dimensional equivalent:522

inf
𝛾∈ℝ𝑛

{A−𝑗}
𝑞−
𝑗=1∈∏

𝑞−
𝑗=1 𝕊

𝑟−𝑗
+

{A𝑘}
𝑞+
𝑘=1∈∏

𝑞+
𝑘=1 𝕊

𝑟𝑘
+

𝑛
∑
𝑖=1

𝜌𝜏0.5(𝑦𝑖 − 𝑘𝑔(𝑥𝑖)⊤𝛾 ) + 𝑅(√𝛾⊤K𝑔𝛾 )

+
𝑞−
∑
𝑗=1

𝑛
∑
𝑖=1

𝜌𝜏−𝑗 (𝑦𝑖 − 𝑘𝑔(𝑥𝑖)⊤𝛾 +
𝑗
∑
𝑗′=1

̃𝑓A−𝑗′(𝑥𝑖)) +
𝑞−
∑
𝑗=1

Ω−𝑗(A−𝑗)

+
𝑞+
∑
𝑘=1

𝑛
∑
𝑖=1

𝜌𝜏𝑘 (𝑦𝑖 − 𝑘𝑔(𝑥𝑖)⊤𝛾 −
𝑘
∑
𝑘′=1

̃𝑓A𝑘′(𝑥𝑖)) +
𝑞+
∑
𝑘=1

Ω𝑘(A𝑘).

The associated dual formulation is:523

sup
𝛽∈[−0.5,0.5]𝑛

𝛼−𝑗∈[𝜏−𝑗−1,𝜏−𝑗]𝑛, 𝑗=1,…,𝑞−
𝛼𝑘∈[𝜏𝑘−1,𝜏𝑘]𝑛, 𝑘=1,…,𝑞+

𝑦⊤ (𝛽 +
𝑞−
∑
𝑗=1

𝛼−𝑗 +
𝑞+
∑
𝑘=1

𝛼𝑘)

− 1
4𝜆𝑔

(𝛽 +
𝑞−
∑
𝑗=1

𝛼−𝑗 +
𝑞+
∑
𝑘=1

𝛼𝑘)
⊤

𝐾𝑔 (𝛽 +
𝑞−
∑
𝑗=1

𝛼−𝑗 +
𝑞+
∑
𝑘=1

𝛼𝑘)

−
𝑞−
∑
𝑗=1

1

4𝜆𝑓−𝑗2
‖[V−𝑗Diag (−

𝑞−
∑
𝑙=𝑗

𝛼−𝑙)V⊤
−𝑗 − 𝜆𝑓−𝑗1I𝑟−𝑗]

+

‖
2

𝐹

−
𝑞+
∑
𝑘=1

1

4𝜆𝑓𝑘2
‖[V𝑘Diag (

𝑞+
∑
𝑙=𝑘

𝛼 𝑙)V⊤
𝑘 − 𝜆𝑓𝑘1I𝑟𝑘]

+
‖
2

𝐹
.

(19)

The proof can be found in Section 6.4. Our Theorem 3.1 directly applies with 𝑝 = 1 and 𝑞 = 𝑞− + 𝑞+524

to recover the primal formulation, and the dual formulation is obtained by computing the Fenchel525

conjugate of the loss function.526

527

Figure 5 shows the best models selected by cross-validation for quantile levels from 0.1 to 0.9. In528

the top row, we show estimated quantiles in a sequential manner with free lengthscales for upper529

and lower quantiles, as done in Section 4.1.2. In the bottom row, the quantiles are jointly estimated530

with the conditional median function by solving Equation 19. In the top row, we observe a good531

estimation overall: however, as shown in the left and right zoomed-in views, some quantiles are532

19
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Figure 5: Non-crossing multi-quantiles regression trained with cross-validation on 𝑛 = 1000 training
samples (grey). True quantiles (dashed lines) versus estimation (full lines) with free lengthscales and
sequential (top row) or joint (bottom row) learning problem. Left and right panels are zoomed-in
views for the boxed areas in the center.
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not estimated accurately in some areas. Looking at the bottom row, we see that jointly learning the533

median allows quantile levels to better adapt to the data and compensante some errors that were534

impossible to resolve because of the frozen median. The two zoomed-in views and the smaller RMSE535

clearly show that the joint learning problem better estimates both the median and the quantiles: we536

thus reach the same conclusion as in the heteroscedastic regression problem.537

5 Conclusion538

Non-negative functions arise frequently in practice, from physical systems to statistics or learning539

in general. To capture them effectively, Marteau-Ferey et al. (2020) introduced the kernel sum-540

of-squares framework, combining the rigorous non-negativity of sum-of-squares models with the541

expressiveness of kernel methods. Their framework originally assumed kSoS-only problems and542

shared RKHS for all functions. In this work, we extend this seminal work by introducing a generalized543

learning framework that jointly estimates unconstrained RKHS functions and kSoS functions, each544

with distinct spaces. Our main theoretical contribution is a generalized representer theorem that545

guarantees a finite-dimensional solution for a common class of regularization functions. Furthermore,546

for specific penalties often used in applications, such as ridge for RKHS functions and elastic-net547

for kSoS functions, we derive a convex dual formulation. Significantly, this dual eliminates positive548

semi-definite constraints from the optimization problems while reducing the number of optimization549

variables, allowing the framework to scale to large datasets. Finally, we state all our results in the550

rank-deficient setting, enabling further scaling with kernel low-rank approximation techniques. We551

illustrated this framework onmultiple examples: in addition to deriving the missing dual formulations552

for previous kSoS-only examples, we demonstrated that the flexibility in the function space choice553

may be beneficial in practice, as well as the joint learning approach.554

The kernel sum-of-squares framework is thus a highly promising tool for modelling non-negative555

functions. By extending it to accommodate broader learning problems and providing accessible556

dual formulations, we hope to facilitate its adoption in practical applications. From a theoretical557

perspective, future work will focus on establishing convergence rates and deriving bounds for558

low-rank kSoS approximations. On the practical side, we are working on the development of a559

user-friendly Python package dedicated to kSoS to further promote them.560
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6 Proofs633

6.1 Notations634

Wefirst recall the notations already introduced in Section 3 which are necessary for the proofs. For our635

learning problem, we consider a collection of 𝑝 RKHS ℋ 𝑔
𝑙 , 𝑙 = 1, … , 𝑝 and 𝑞 RKHS ℋ 𝑓

𝑠 , 𝑠 = 1, … , 𝑞.636

To each RKHS ℋ 𝑔
𝑙 and ℋ 𝑓

𝑠 is associated a unique kernel 𝑘𝑔𝑙 and 𝑘𝑓𝑠 with feature map 𝜙𝑔𝑙 and 𝜙𝑓𝑠 ,637

respectively. For a sample 𝑥1, … , 𝑥𝑛 of features, we denote K𝑔
𝑙 the kernel matrix with elements638

[K𝑔
𝑙 ]𝑖𝑗 = 𝑘𝑔𝑙 (𝑥𝑖, 𝑥𝑗) and 𝑘𝑔𝑙 (𝑥) the column vector defined by639

𝑘𝑔𝑙 (𝑥) = (𝑘𝑔𝑙 (𝑥, 𝑥1), … , 𝑘𝑔𝑙 (𝑥, 𝑥𝑛))
⊤

for any 𝑋 ∈ 𝒳 . Similarly, we introduce K𝑓
𝑠 , 𝑘

𝑓
𝑠 (𝑥) and further consider a decomposition K𝑓

𝑠 = V⊤
𝑠 V𝑠640

with V𝑠 ∈ ℝ𝑟𝑠×𝑛 where 𝑟𝑠 is the rank of K𝑓
𝑠 , and the empirical feature map Φ𝑠(𝑥) = (V𝑠V⊤

𝑠 )−1V𝑠𝑘
𝑓
𝑠 (𝑥).641

If 𝑟𝑠 = 𝑛, such decomposition can be obtained with a Cholesky decomposition, while if 𝑟𝑠 < 𝑛 we642

can consider V𝑠 = Σ1/2𝑠 U⊤
𝑠 where Σ𝑠 ∈ ℝ𝑟𝑠×𝑟𝑠 is diagonal and U𝑠 ∈ ℝ𝑛×𝑟𝑠 such that U⊤

𝑠 U𝑠 = I𝑟𝑠 is643

semi-unitary obtained through the economy eigendecomposition K𝑓
𝑠 = U𝑠Σ𝑠U⊤

𝑠 .644
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Next, for a Hilbert space ℋ we write 𝒮(ℋ) the set of bounded Hermitian linear operators from645

ℋ to ℋ and 𝒮+(ℋ) those that are positive semi-definite. We also write 𝕊𝑟 ∶= 𝕊 (ℝ𝑟×𝑟 ) the set of646

real and symmetric matrices of size 𝑟 , and 𝕊𝑟+ ∶= 𝕊+ (ℝ𝑟×𝑟 ) the set of real, symmetric and positive647

semi-definite matrices of size 𝑟 .648

For convenience, we denote649

• The 𝑝 unknown real-valued functions 𝑔𝑙 ∶ 𝒳 → ℝ in a RKHS ℋ 𝑔
𝑙 for 𝑙 = 1, … , 𝑝650

• The 𝑞 unknown kernel sum-of-squares (kSoS) functions 𝑓𝒜𝑠 ∶ 𝒳 → ℝ+ parameterized651

by a positive semi-definite operator 𝒜𝑠 ∈ 𝒮+(ℋ
𝑓
𝑠 ) defined on a RKHS ℋ 𝑓

𝑠 with 𝑓𝒜𝑠(𝑥) =652

⟨𝜙𝑓𝑠 (𝑥), 𝒜𝑠𝜙
𝑓
𝑠 (𝑥)⟩ℋ 𝑓

𝑠
for 𝑠 = 1, … , 𝑞653

• The collection of RKHS functions 𝑔 ∶= (𝑔1, … , 𝑔𝑝) ∈ 𝒦 𝑔(ℋ 𝑔
1 , … ,ℋ 𝑔

𝑝 ) ∶= ℋ 𝑔
1 × ⋯ × ℋ 𝑔

𝑝654

• The collection of operators 𝒜 ∶= (𝒜1, … ,𝒜𝑞) ∈ 𝒦 𝑓 (ℋ 𝑓
1 , … ,ℋ 𝑓

𝑞 ) ∶= 𝒮+(ℋ
𝑓
1 ) ×⋯ ×𝒮+(ℋ

𝑓
𝑞 )655

• The collection of RKHS function evaluations 𝑔(𝑥) ∶= (𝑔1(𝑥), … , 𝑔𝑝(𝑥)) ∈ ℝ𝑝 , ∀𝑥 ∈ 𝒳656

• The collection of kSoS function evaluations 𝑓𝒜 (𝑥) ∶= 𝑓𝒜1,…,𝒜𝑞(𝑥) = (𝑓𝒜1(𝑥), … , 𝑓𝒜𝑞(𝑥)) ∈657

ℝ𝑞+, ∀𝑥 ∈ 𝒳658

Finally, we consider specific regularizers𝑅𝑙(‖𝑔𝑙‖ℋ 𝑔
𝑙
) for RKHS functions andΩ𝑠(𝒜𝑠) for kSoS functions659

which satisfy Assumption 3.2 and Assumption 3.1, respectively.660

6.2 Representer theorem661

In this section, to prove Theorem 3.1, we closely follow the proof of Marteau-Ferey et al. (2020,662

sec. B.3) and Allain et al. (2026, Theorem A.2) and it is built in two parts. First, Proposition 6.1663

below shows that the solution of the infinite-dimensional problem of Equation 5 lies in a space of664

finite-dimension. Then, we conclude by showing that this solution can be written as in Equation 6:665

this directly follows from (Allain et al. 2026 Lemma A.5) and classical representation results for666

functions in an RKHS, see Steinwart and Christmann (2008, Theorem 5.5), Schölkopf and Smola667

(2002, Theorem 4.2) or Mohri et al. (2012, Theorem 6.11). Before stating Proposition 6.1, we need668

additional notations for the spaces associated with the RKHS functions and the kSoS ones:669

• For every Hilbert spaceℋ 𝑔
𝑙 , we writeℋ 𝑔

𝑛𝑙 for the finite-dimensional subspace ofℋ 𝑔
𝑙 generated670

by {(𝜙𝑔𝑙 (𝑥𝑖))1≤𝑖≤𝑛}, and define 𝑃𝑛𝑙 the orthogonal projection onto ℋ 𝑔
𝑛𝑙 such that671

𝑃𝑛𝑙 ∈ 𝒮(ℋ 𝑔
𝑙 ), 𝑃2𝑛𝑙 = 𝑃𝑛𝑙 , range(𝑃𝑛𝑙) = ℋ 𝑔

𝑛𝑙 .

For 𝑔 = (𝑔1, … , 𝑔𝑝) ∈ 𝒦 𝑔(ℋ 𝑔
1 , … ,ℋ 𝑔

𝑝 ), we define its projection 𝑔∥ ∶= (𝑃𝑛1𝑔1, … , 𝑃𝑛𝑝𝑔𝑝) onto672

𝒦 𝑔
𝑛 (ℋ

𝑔
1 , … ,ℋ 𝑔

𝑝 ) ∶= {𝑔∥∶ 𝑔 ∈ 𝒦 𝑔(ℋ 𝑔
1 , … ,ℋ 𝑔

𝑝 )} with 𝑔 = 𝑔∥ +𝑔⟂. Observe that we have the673

inclusion 𝒦 𝑔
𝑛 (ℋ

𝑔
1 , … ,ℋ 𝑔

𝑝 ) ⊂ 𝒦 𝑔(ℋ 𝑔
1 , … ,ℋ 𝑔

𝑝 ).674

• Similarly for every Hilbert space ℋ 𝑓
𝑠 , we write ℋ 𝑓

𝑛𝑠 for the finite-dimensional subspace of ℋ 𝑓
𝑠675

generated by {(𝜙𝑓𝑠 (𝑥𝑖))1≤𝑖≤𝑛}, and define Π𝑛𝑠 the orthogonal projection onto ℋ 𝑓
𝑛𝑠 such that676

Π𝑛𝑠 ∈ 𝒮(ℋ 𝑓
𝑠 ), Π2

𝑛𝑠 = Π𝑛𝑠 , range(Π𝑛𝑠) = ℋ 𝑓
𝑛𝑠 .

We further denote677

𝒦 𝑓
𝑛 (ℋ

𝑓
1 , … ,ℋ 𝑓

𝑞 ) ∶= {(Π𝑛1𝒜1Π𝑛1, … , Π𝑛𝑞𝒜𝑞Π𝑛𝑞) ∶ (𝒜1, … ,𝒜𝑞) ∈ 𝒦 𝑓 (ℋ 𝑓
1 , … ,ℋ 𝑓

𝑞 )}
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and since Π𝑛𝑠𝒜𝑠Π𝑛𝑠 ∈ 𝒮+(ℋ
𝑓
𝑠 ), ∀𝑠 = 1, … , 𝑞, we have the inclusion 𝒦 𝑓

𝑛 (ℋ
𝑓
1 , … ,ℋ 𝑓

𝑞 ) ⊂678

𝒦 𝑓 (ℋ 𝑓
1 , … ,ℋ 𝑓

𝑞 ).679

Finally, we denote the objective function680

𝐽 (𝑔, 𝒜) ∶= 𝐿 (𝑔(𝑥1), … , 𝑔(𝑥𝑛), 𝑓𝒜 (𝑥1), … , 𝑓𝒜 (𝑥𝑛)) +
𝑝
∑
𝑙=1

𝑅𝑙(‖𝑔𝑙‖ℋ 𝑔
𝑙
) +

𝑞
∑
𝑠=1

Ω𝑠(𝒜𝑠).

Proposition 6.1. Let 𝐿 be a a lower semi-continuous loss function and 𝑅𝑙 , Ω𝑠 regularizers that satisfy681

Assumption 3.2 and Assumption 3.1 respectively. Under the assumption that 𝐽 (𝑔, 𝒜) is coercive, the682

problem683

inf
𝑔∈𝒦 𝑔(ℋ 𝑔

1 ,…,ℋ
𝑔
𝑝 )

𝒜∈𝒦 𝑓 (ℋ 𝑓
1 ,…,ℋ

𝑓
𝑞 )

𝐿 (𝑔(𝑥1), … , 𝑔(𝑥𝑛), 𝑓𝒜 (𝑥1), … , 𝑓𝒜 (𝑥𝑛)) +
𝑝
∑
𝑙=1

𝑅𝑙(‖𝑔𝑙‖ℋ 𝑔
𝑙
) +

𝑞
∑
𝑠=1

Ω𝑠(𝒜𝑠)

admits a solution (𝑔⋆, 𝒜 ⋆) ∈ 𝒦 𝑔
𝑛 (ℋ

𝑔
1 , … ,ℋ 𝑔

𝑝 ) × 𝒦
𝑓
𝑛 (ℋ

𝑓
1 , … ,ℋ 𝑓

𝑞 ).684

Proof. The proof follows the same three main steps as in Allain et al. (2026, Proposition A.4), but685

that we carefully adapt to handle the additional RKHS functions:686

• We first show that the objective function does not increase when restricting to the finite-687

dimensional space, meaning that688

inf
𝑔∈𝒦 𝑔(ℋ 𝑔

1 ,…,ℋ
𝑔
𝑝 )

𝒜∈𝒦 𝑓 (ℋ 𝑓
1 ,…,ℋ

𝑓
𝑞 )

𝐽 (𝑔, 𝒜) = inf
𝑔∈𝒦 𝑔

𝑛 (ℋ
𝑔
1 ,…,ℋ

𝑔
𝑝 )

𝒜∈𝒦 𝑓
𝑛 (ℋ

𝑓
1 ,…,ℋ

𝑓
𝑞 )

𝐽 (𝑔, 𝒜).

• Second, we show that if the minimum exists, then it has bounded norm.689

• Finally, we show that such a minimum exists.690

First step.691

As for the kSoS part of the learning problem, Allain et al. (2026) show that the objective function692

does not increase when projecting the operator 𝒜 to 𝒦 𝑓
𝑛 (ℋ

𝑓
1 , … ,ℋ 𝑓

𝑞 ) under Assumption 3.1. In693

addition, following the classical representer theorem proof (Steinwart and Christmann 2008 Theorem694

5.5), (Schölkopf and Smola 2002 Theorem 4.2) or (Mohri et al. 2012 Theorem 6.11), we have 𝑔(𝑥𝑖) =695

𝑔∥(𝑥𝑖), ∀𝑖 = 1, … , 𝑛 and ‖𝑔𝑙‖ℋ 𝑔
𝑙
=

√
‖𝑔𝑙∥‖2ℋ 𝑔

𝑙
+ ‖𝑔𝑙⟂‖2ℋ 𝑔

𝑙
≥ ‖𝑔𝑙∥‖ℋ 𝑔

𝑙
, ∀𝑙 = 1, … , 𝑝. The first step then696

follows since all 𝑅𝑙 are increasing functions by Assumption 3.2.697

Second step.698

The key idea is to show that we can replace 𝒦 𝑔
𝑛 (ℋ

𝑔
1 , … ,ℋ 𝑔

𝑝 ) × 𝒦
𝑓
𝑛 (ℋ

𝑓
1 , … ,ℋ 𝑓

𝑞 ) with699

𝒦𝑅0 ∶= {(𝑔̃, ̃𝒜 ) ∈ 𝒦 𝑔(ℋ 𝑔
𝑛1, … ,ℋ 𝑔

𝑛𝑝) × 𝒦 𝑓 (ℋ 𝑓
𝑛1, … ,ℋ 𝑓

𝑛𝑞)∶ max(max
1≤𝑙≤𝑝

‖𝑔̃𝑙‖ℋ 𝑔
𝑛𝑙
, max
1≤𝑠≤𝑞

‖ ̃𝒜𝑠‖𝐹 ) ≤ 𝑅0}

for some constant 𝑅0 ≥ 0. First, define for 1 ≤ 𝑙 ≤ 𝑝 the injections 𝑈𝑛𝑙 ∶ ℋ 𝑔
𝑛𝑙 → ℋ 𝑔

𝑙 with 𝑈𝑛𝑙𝑈 ⋆
𝑛𝑙 = 𝑃𝑛𝑙700

and 𝑈 ⋆
𝑛𝑙𝑈𝑛𝑙 = Iℋ 𝑔

𝑛𝑙
, and for 1 ≤ 𝑠 ≤ 𝑝 the injections 𝑉𝑛𝑠 ∶ ℋ 𝑓

𝑛𝑠 → ℋ 𝑓
𝑠 with 𝑉𝑛𝑠𝑉 ⋆

𝑛𝑠 = Π𝑛𝑠 and701

𝑉 ⋆
𝑛𝑠𝑉𝑛𝑠 = Iℋ 𝑓

𝑛𝑠
. By definition we thus have:702

inf
𝑔∈𝒦 𝑔

𝑛 (ℋ
𝑔
1 ,…,ℋ

𝑔
𝑝 )

𝒜∈𝒦 𝑓
𝑛 (ℋ

𝑓
1 ,…,ℋ

𝑓
𝑞 )

𝐽 (𝑔, 𝒜) = inf
𝑔̃∈𝒦 𝑔(ℋ 𝑔

𝑛1,…,ℋ
𝑔
𝑛𝑝)

̃𝒜∈𝒦 𝑓 (ℋ 𝑓
𝑛1,…,ℋ

𝑓
𝑛𝑞)

𝐽 ((𝑈𝑛𝑙 𝑔̃𝑙)1≤𝑙≤𝑝 , (𝑉𝑛𝑠 ̃𝒜𝑠𝑉 ⋆
𝑛𝑠)1≤𝑠≤𝑞).
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Now, in the objective function 𝐽 , the regularization parts are invariant up to the injections: since all703

𝑈𝑛𝑙 are linear isometries the norm of 𝑔̃𝑙 is unchanged, and this is also the case for the kSoS regularizers704

Ω𝑠 if they satisfy Assumption 3.1, see Allain et al. (2026, Lemma A.3). This means that for any705

(𝑔̃, ̃𝒜 ) ∈ 𝒦 𝑔(ℋ 𝑔
𝑛1, … ,ℋ 𝑔

𝑛𝑝) × 𝒦 𝑓 (ℋ 𝑓
𝑛1, … ,ℋ 𝑓

𝑛𝑞),706

𝐽 ((𝑈𝑛𝑙 𝑔̃𝑙)1≤𝑙≤𝑝 , (𝑉𝑛𝑠 ̃𝒜𝑠𝑉 ⋆
𝑛𝑠)1≤𝑠≤𝑞) = 𝐿((𝑈𝑛𝑙 𝑔̃𝑙(𝑥𝑖))1≤𝑖≤𝑛, 1≤𝑙≤𝑝 , (𝑓𝑉𝑛𝑠 ̃𝒜𝑠𝑉 ⋆

𝑛𝑠
(𝑥𝑖))1≤𝑖≤𝑛, 1≤𝑠≤𝑞)

+
𝑝
∑
𝑙=1

𝑅𝑙(‖𝑔̃𝑙‖ℋ 𝑔
𝑙
) +

𝑞
∑
𝑠=1

Ω𝑠( ̃𝒜𝑠).

Let 𝑔̃0𝑙 , ̃𝒜 0
𝑠 be such that 𝐽0 = 𝐽((𝑈𝑛𝑙 𝑔̃0𝑙 )1≤𝑙≤𝑝 , (𝑉𝑛𝑠 ̃𝒜 0

𝑠 𝑉 ⋆
𝑛𝑠)1≤𝑠≤𝑞) < +∞. Because 𝐽 is coercive, there707

exists 𝑅0 ≥ 0 such that max(max1≤𝑙≤𝑝‖𝑔̃𝑙‖ℋ 𝑔
𝑛𝑙
,max1≤𝑠≤𝑞‖ ̃𝒜𝑠‖𝐹 ) ≥ 𝑅0 implies708

𝐽 ((𝑈𝑛𝑙 𝑔̃𝑙)1≤𝑙≤𝑝 , (𝑉𝑛𝑠 ̃𝒜𝑠𝑉 ⋆
𝑛𝑠)1≤𝑠≤𝑞) ≥ 𝐽0,

which shows that709

inf
𝑔̃∈𝒦 𝑔(ℋ 𝑔

𝑛1,…,ℋ
𝑔
𝑛𝑝)

̃𝒜∈𝒦 𝑓 (ℋ 𝑓
𝑛1,…,ℋ

𝑓
𝑛𝑞)

𝐽 ((𝑈𝑛𝑙 𝑔̃𝑙)1≤𝑙≤𝑝 , (𝑉𝑛𝑠 ̃𝒜𝑠𝑉 ⋆
𝑛𝑠)1≤𝑠≤𝑞) = inf

(𝑔̃, ̃𝒜 )∈𝒦𝑅0

𝐽 ((𝑈𝑛𝑙 𝑔̃𝑙)1≤𝑙≤𝑝 , (𝑉𝑛𝑠 ̃𝒜𝑠𝑉 ⋆
𝑛𝑠)1≤𝑠≤𝑞).

Third step.710

We conclude by showing that this last minimization problem has a solution: indeed, the objective711

function is lower semi-continuous, and hence reaches its minimum on any non-empty compact set.712

Since the set𝒦𝑅0 is compact because𝒦 𝑔(ℋ 𝑔
𝑛1, … ,ℋ 𝑔

𝑛𝑝) ×𝒦 𝑓 (ℋ 𝑓
𝑛1, … ,ℋ 𝑓

𝑛𝑞) is finite, and non-empty713

because it contains 𝑔̃0𝑙 , ̃𝒜 0
𝑠 , the result directly follows.714

Remark 6.1. If the loss function 𝐿 is bounded below and the individual regularizers 𝑅𝑙 , Ω𝑠 satisfy715

Assumption 3.2 and Assumption 3.1 respectively, the objective 𝐽 is trivially coercive. In Marteau-716

Ferey et al. (2020), they consider a bounded below loss function together with Assumption 3.1 to717

derive their representer theorem. Here, we use a more general assumption that allows to consider a718

larger class of learning problems, such as heteroscedastic regression with unknown mean which719

involves an unbounded loss function, see Section 6.4.720

6.3 Dual formulation721

To prove Theorem 3.2, we follow Marteau-Ferey et al. (2020) and use Theorem 3.3.5 from Borwein722

and Lewis (2006). With the notations of Borwein and Lewis (2006), Problem 9 can be written as the723

primal formulation:724

𝑝⋆ = inf
𝑥∈𝐸

𝑓 (𝑥) + 𝑔(𝐴𝑥)

where725

• 𝑥 = (𝛾 1, … , 𝛾𝑝 ,A1, … ,A𝑞) ∈ 𝐸 = (ℝ𝑛)𝑝 × 𝕊𝑟1 × … × 𝕊𝑟𝑞726

• 𝑓 (𝛾 1, … , 𝛾𝑝 ,A1, … ,A𝑞) = ∑𝑝
𝑙=1 𝜆

𝑔
𝑙 𝛾

⊤
𝑙 K

𝑔
𝑙 𝛾 𝑙 +∑𝑞

𝑠=1 Ω+
𝑠 (A𝑠) where727

Ω+
𝑠 (A) = {

Ω𝑠(A) if A ⪰ 0
+∞ otherwise

• For (𝑦 , 𝑧) ∈ 𝑌 = (ℝ𝑛)𝑝 × (ℝ𝑛)𝑞 , 𝑔(𝑦, 𝑧) = 𝐿(𝑦, 𝑧)728
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• 𝐴 ∶ 𝐸 ↦ 𝑌 is the linear map defined by729

𝐴(𝛾 1, … , 𝛾𝑝 ,A1, … ,A𝑞) = ((𝑘𝑔𝑙 (𝑥𝑖)
⊤𝛾 𝑙)1≤𝑖≤𝑛, 1≤𝑙≤𝑝 , ( ̃𝑓A𝑠(𝑥𝑖))1≤𝑖≤𝑛, 1≤𝑠≤𝑞))

The associated dual problem is730

𝑑⋆ = sup
𝜙∈𝑌

− 𝑓 ⋆(𝐴⋆𝜙) − 𝑔⋆(−𝜙) (20)

and if 𝐴dom 𝑓 ∩ cont 𝑔 ≠ ∅, 𝑝⋆ = 𝑑⋆ as long as 𝑓 and 𝑔 are convex. This is the case here: (a) 𝑓 is731

convex as the sum of convex functions, (b) 𝑔 is convex since we have assumed that the loss function732

𝐿 is convex and (c) we have also assumed that there exist 𝛾 0𝑙 ∈ ℝ𝑛, A0
𝑠 ∈ 𝕊𝑟𝑠+ such that 𝐿 is continuous733

in (𝑘𝑔𝑙 (𝑥𝑖)
⊤𝛾 0𝑙 )1≤𝑖≤𝑛, 1≤𝑙≤𝑝 . In addition, by our previous results, the primal problem is coercive and734

proper, yielding a finite minimum 𝑝⋆: since strong duality holds, 𝑑⋆ is thus finite and Theorem 3.3.5735

from Borwein and Lewis (2006) guarantees that the dual supremum is attained.736

We now need to derive 𝑓 ⋆ and 𝐴⋆ (recall that 𝑔⋆ = 𝐿⋆ by definition). First, we denote the737

components of 𝜙 ∈ 𝑌 as 𝜙 = (𝛽1, … , 𝛽𝑝 , 𝛼1, … , 𝛼𝑞), and by separability it holds that 𝐴⋆𝜙 =738

((K𝑔
𝑙 𝛽 𝑙)1≤𝑙≤𝑝 , (V𝑠Diag(𝛼 𝑠)V⊤

𝑠 )1≤𝑠≤𝑞). The first components of 𝐴⋆ readily come from the adjoint739

of 𝑘𝑔𝑙 (𝑥𝑖)
⊤𝛾 𝑙 , while the second ones were derived in Marteau-Ferey et al. (2020). For 𝑓 ⋆, let us write740

𝑓 ⋆(𝛾⋆1 , … , 𝛾⋆𝑝 ,A
⋆
1 , … ,A⋆

𝑞 ) =
𝑝
∑
𝑙=1

𝑅⋆𝑙 (𝛾
⋆
𝑙 ) +

𝑞
∑
𝑠=1

(Ω+
𝑠 )⋆(A⋆

𝑠 ).

For 𝑅𝑙(𝛾 𝑙) = 𝜆𝑔𝑙 𝛾
⊤
𝑙 K

𝑔
𝑙 𝛾 𝑙 , it is straightforward to show that 𝑅⋆𝑙 (𝛾

⋆
𝑙 ) = 1

4𝜆𝑔𝑙
(𝛾⋆𝑙 )

⊤(K𝑔
𝑙 )

†𝛾⋆𝑙 where M†
741

denotes the Moore-Penrose pseudo inverse of M. On the other hand, for Ω𝑠(A) = 𝜆𝑓𝑠1‖A‖⋆ + 𝜆𝑓𝑠2‖A‖2𝐹 ,742

we have743

(Ω+
𝑠 )⋆(A⋆

𝑠 ) =
1

4𝜆𝑓𝑠2
‖[A⋆

𝑠 − 𝜆𝑓𝑠1I𝑟𝑠]+‖
2

𝐹
, (21)

see Marteau-Ferey et al. (2020). This implies that744

𝑓 ⋆(𝐴⋆𝜙) = 𝑓 ⋆((K𝑔
𝑙 𝛽 𝑙)1≤𝑙≤𝑝 , (V𝑠Diag(𝛼 𝑠)V⊤

𝑠 )1≤𝑠≤𝑞)

=
𝑝
∑
𝑙=1

1
4𝜆𝑔𝑙

𝛽⊤𝑙 K
𝑔
𝑙 (K

𝑔
𝑙 )

†K𝑔
𝑙 𝛽 𝑙 +

𝑞
∑
𝑠=1

1

4𝜆𝑓𝑠2
‖[V𝑠Diag(𝛼 𝑠)V⊤

𝑠 − 𝜆𝑓𝑠1I𝑟𝑠]+‖
2

𝐹

=
𝑝
∑
𝑙=1

1
4𝜆𝑔𝑙

𝛽⊤𝑙 K
𝑔
𝑙 𝛽 𝑙 +

𝑞
∑
𝑠=1

1

4𝜆𝑓𝑠2
‖[V𝑠Diag(𝛼 𝑠)V⊤

𝑠 − 𝜆𝑓𝑠1I𝑟𝑠]+‖
2

𝐹

and the dual formulation in Theorem 3.2 follows by replacing 𝜙 with (𝛽1, … , 𝛽𝑝 , 𝛼1, … , 𝛼𝑞) in Equa-745

tion 20.746

Finally, to recover the primal solutions, we again follow Marteau-Ferey et al. (2020) and Borwein747

and Lewis (2006, Exercise 4.2.17): if 𝑓 and 𝑔 are closed, then the primal solution ̄𝑥 is given by748

̄𝑥 = ∇𝑓 ⋆(𝐴⋆ ̄𝜙) for ̄𝜙 an optimal dual solution. Since 𝐿 is a proper convex function which is lower749

semi-continuous, then it is closed. Besides, 𝜆𝑔𝑙 𝛾
⊤
𝑙 K

𝑔
𝑙 𝛾 𝑙 , Ω+

𝑠 (A⋆
𝑠 ) are also closed convex functions.750

By separability, we obtain Equations 12 and 13 by computing ∇𝑓 ⋆, where the latter is given in751

Marteau-Ferey et al. (2020):752

∇((Ω+
𝑠 )⋆)(A⋆

𝑠 ) =
1

2𝜆𝑓𝑠2
[A⋆

𝑠 − 𝜆𝑓𝑠1I𝑟𝑠]+ (22)
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and is trivial for 𝜆𝑔𝑙 𝛾
⊤
𝑙 K

𝑔
𝑙 𝛾 𝑙 .753

754

We can also easily extend the previous dual formulation to accommodate for potential additional755

linear terms in the objective function, as elaborated in the following corollary.756

Corollary 6.1. Consider a new instance of Problem 9 where we add to the objective function an757

additional term ∑𝑞
𝑠=1 Tr(A𝑠W𝑠) for some matricesW𝑠 ∈ ℝ𝑟𝑠×𝑟𝑠 . Then, this new problem also satisfies758

Proposition 3.1 and under the same assumptions of Theorem 3.2, it has the following dual formulation:759

sup
𝛼1,…,𝛼𝑞∈ℝ𝑛

𝛽1,…,𝛽𝑝∈ℝ
𝑛

− 𝐿⋆((−𝛽 𝑙)1≤𝑙≤𝑝 , (−𝛼 𝑠)1≤𝑠≤𝑞) −
𝑝
∑
𝑙=1

1
4𝜆𝑔𝑙

𝛽⊤𝑙 K
𝑔
𝑙 𝛽 𝑙

−
𝑞
∑
𝑠=1

1

4𝜆𝑓𝑠2
‖[V𝑠Diag(𝛼 𝑠)V⊤

𝑠 − 𝜆𝑓𝑠1I𝑟𝑠 −W𝑠]+‖2𝐹 .

Proof. The proof is the same as for Theorem 3.2, except that here we have760

𝑓 (𝛾 1, … , 𝛾𝑝 ,A1, … ,A𝑞) =
𝑝
∑
𝑙=1

𝜆𝑔𝑙 𝛾
⊤
𝑙 K

𝑔
𝑙 𝛾 𝑙 +

𝑞
∑
𝑠=1

(Ω+
𝑠 (A𝑠) + Tr(A𝑠W𝑠))

=
𝑝
∑
𝑙=1

𝜆𝑔𝑙 𝛾
⊤
𝑙 K

𝑔
𝑙 𝛾 𝑙 +

𝑞
∑
𝑠=1

Ω̃𝑠(A𝑠),

which satisfies all the required assumptions as before. The only difference is in the computation of761

𝑓 ⋆. The first part is unchanged, and for the second one we have762

Ω̃⋆
𝑠 (A⋆

𝑠 ) = sup
A𝑠∈𝕊

𝑟𝑠
+

Tr(A𝑠A⋆
𝑠 ) − Ω̃𝑠(A𝑠)

= sup
A𝑠∈𝕊

𝑟𝑠
+

Tr(A𝑠A⋆
𝑠 ) − Ω+

𝑠 (A𝑠) − Tr(A𝑠W𝑠)

= sup
A𝑠∈𝕊

𝑟𝑠
+

Tr(A𝑠(A⋆
𝑠 −W𝑠)) − Ω+

𝑠 (A𝑠)

= (Ω+
𝑠 )⋆(A⋆

𝑠 −W𝑠).

763

6.4 Specific learning problems764

Proof of Proposition 4.1 (heteroscedastic regression with known mean).765

In this setting, we have 𝑝 = 0 and 𝑞 = 1. Since 𝑣(⋅) > 0, 𝑡𝑖 ≠ 0 and thus the loss function 𝐿(𝑢1, … , 𝑢𝑛) =766

∑𝑛
𝑖=1 𝑡𝑖𝑢𝑖 −∑𝑛

𝑖=1 log(𝑢𝑖) is bounded below. Since it is trivially lower semi-continuous, it satisfies the767

assumptions of Theorem 3.1 (see Remark 6.1), which yields the finite-dimensional representation. In768

addition, Ω is strongly convex and Proposition 3.1 applies. Now, 𝐿 is continuous in ( ̃𝑓A0(𝑥𝑖))1≤𝑖≤𝑛 for769

e.g. A0 = I𝑟 and is convex, such that Theorem 3.2 holds and the only remaining part is to compute 𝐿⋆.770

Since 𝐿(𝑢1, … , 𝑢𝑛) = ∑𝑛
𝑖=1 𝑡𝑖𝑢𝑖−∑𝑛

𝑖=1 log(𝑢𝑖) = ∑𝑛
𝑖=1 𝑙𝑖(𝑢𝑖)with 𝑙𝑖(𝑢) = 𝑡𝑖𝑢− log(𝑢) is separable, we have771

𝐿⋆(−𝛼) = ∑𝑛
𝑖=1 𝑙

⋆
𝑖 (−𝛼𝑖). But 𝑙⋆𝑖 (−𝛼𝑖) = [𝑡𝑖𝑢 − log(𝑢)]⋆ (−𝛼𝑖) = [− log(𝑢)]⋆ (−𝛼𝑖−𝑡𝑖) = −(1+ log(𝛼𝑖+𝑡𝑖))772

for 𝛼𝑖+𝑡𝑖 > 0, yielding −𝐿⋆(−𝛼) = ∑𝑛
𝑖=1(1+ log(𝛼𝑖+𝑡𝑖)) = 𝑛+∑𝑛

𝑖=1 log(𝛼𝑖+𝑡𝑖) and the dual formulation773

follows by plugging −𝐿⋆(−𝛼) in Equation 11.774

Proof of Proposition 4.4 (heteroscedastic regression with unknown mean).775

28



su
bm

itte
d

We have 𝑝 = 1 and 𝑞 = 1, but contrary to the proof of Proposition 4.1 this time the loss function,776

although lower semi-continuous, is not bounded below. However, the objective 𝐽 (𝑔, 𝒜) is coercive.777

Indeed, 𝑓𝒜 (𝑥𝑖) = ⟨𝜙𝑓 (𝑥𝑖), 𝒜𝜙𝑓 (𝑥𝑖)⟩ℋ 𝑓 ≤ ‖𝒜‖⋆‖𝜙𝑓 (𝑥𝑖)‖2ℋ 𝑓 = ‖𝒜‖⋆𝑘𝑓 (𝑥𝑖, 𝑥𝑖). Let 𝐶 = max𝑖 𝑘𝑓 (𝑥𝑖, 𝑥𝑖) <778

+∞. We can then lower bound the objective:779

𝐽 (𝑔, 𝒜) ≥ 0 −
𝑛
∑
𝑖=1

log(𝐶‖𝒜‖⋆) + 𝑅(‖𝑔‖ℋ 𝑔 ) + Ω(𝒜)

= 𝑅(‖𝑔‖ℋ 𝑔 ) + Ω(𝒜) − 𝑛 log(‖𝒜‖⋆) − 𝑛 log(𝐶)

= 𝑅(‖𝑔‖ℋ 𝑔 ) + 𝜆𝑓1 ‖𝒜‖⋆ + 𝜆𝑓2 ‖𝒜‖2𝐹 − 𝑛 log(‖𝒜‖⋆) − 𝑛 log(𝐶).

Since 𝜆𝑓1 > 0, ‖𝒜‖⋆ dominates log(‖𝒜‖⋆)which implies that when ‖𝒜‖2𝐹 goes to infinity 𝐽 (𝑔, 𝒜) → +∞780

since ‖𝒜‖𝐹 ≤ ‖𝒜‖⋆ by monotonicity of the Schatten norms. Furthermore, because ‖𝑔‖ → ∞, 𝑅(‖𝑔‖) →781

∞ by assumption, the objective 𝐽 (𝑔, 𝒜) → +∞ as either ‖𝑔‖ → ∞ or ‖𝒜‖2𝐹 , and therefore 𝐽 is coercive782

and satisfies the assumptions of Theorem 3.1. On the other hand, since 𝜆𝑓2 > 0,Ω is strictly convex and783

Proposition 3.1 holds. For the dual formulation in Theorem 3.2, 𝐿 is continuous in (𝑘𝑔(𝑥𝑖)⊤𝛾 0)1≤𝑖≤𝑛784

and ( ̃𝑓A0(𝑥𝑖))1≤𝑖≤𝑛 for e.g. 𝛾 0 = 0, A0 = I𝑟 . For u, v ∈ R𝑛, denote 𝐿(u, v) = 𝐿(𝑢1, … , 𝑢𝑛, 𝑣1, … , 𝑣𝑛) =785

∑𝑛
𝑖=1(𝑦

2
𝑖 𝑣𝑖+

𝑢2𝑖
𝑣𝑖
−2𝑦𝑖𝑢𝑖− log(𝑣𝑖)) = ∑𝑛

𝑖=1 𝑙𝑖(𝑢𝑖, 𝑣𝑖) with 𝑙𝑖(𝑢, 𝑣) = 𝑦2𝑖 𝑣 +
𝑢2
𝑣 −2𝑦𝑖𝑢 − log(𝑣). By separability,786

𝐿⋆(−𝛽, −𝛼) = ∑𝑛
𝑖=1 𝑙

⋆
𝑖 (−𝛽𝑖, −𝛼𝑖). In addition,787

𝑙⋆𝑖 (𝑢⋆, 𝑣⋆) = sup
𝑢∈ℝ, 𝑣>0

𝑢𝑢⋆ + 𝑣𝑣⋆ − 𝑦2𝑖 𝑣 −
𝑢2

𝑣
+ 2𝑦𝑖𝑢 + log(𝑣)

= sup
𝑢∈ℝ, 𝑣>0

ℎ(𝑢) + (𝑣⋆ − 𝑦2𝑖 )𝑣 + log(𝑣)

with ℎ(𝑢) = (𝑢⋆ + 2𝑦𝑖)𝑢 −
𝑢2
𝑣 , which attains its maximum at 𝑢 = (𝑢⋆ + 2𝑦𝑖)𝑣/2, such that788

𝑙⋆𝑖 (𝑢⋆, 𝑣⋆) = sup
𝑣>0

(𝑢⋆ + 2𝑦𝑖)2𝑣
4

+ (𝑣⋆ − 𝑦2𝑖 )𝑣 + log(𝑣)

= sup
𝑣>0

𝜉 𝑣 + log(𝑣)

= [− log(𝑣)]⋆ (𝜉 ) = −(1 + log(−𝜉 ))

for 𝜉 = (𝑢⋆+2𝑦𝑖)2

4 + (𝑣⋆ − 𝑦2𝑖 ) = (𝑢⋆)2/4 + 𝑦𝑖𝑢⋆ + 𝑣⋆ < 0. This yields −𝐿⋆(−𝛽, −𝛼) = ∑𝑛
𝑖=1(1 +789

log (𝛽𝑖𝑦𝑖 + 𝛼𝑖 − 𝛽2𝑖 /4)) which, when plugged in Equation 11, gives the result.790

Proof of Proposition 4.2 (non-crossing multi-quantile regression with known median).791

Here, we have 𝑝 = 0 and 𝑞 = 𝑞− + 𝑞+. The loss function is lower semi-continuous and bounded792

below because the pinball loss is non-negative, such that Theorem 3.1 holds. This is the same793

for Proposition 3.1 because Ω is strictly convex. Besides, the loss function is continuous in794

(𝑓A0
−𝑗
(𝑥𝑖), 𝑓A0

𝑘
(𝑥𝑖))1≤𝑖≤𝑛, 1≤𝑗≤𝑞−, 1≤𝑘≤𝑞+ for e.g. A0

−𝑗 = I𝑟−𝑗 , A
0
𝑘 = I𝑟𝑘 and Theorem 3.2 applies as well.795

Now, denoting 𝑢𝑖,𝑗 = ̃𝑓A−𝑗 (𝑥𝑖) and 𝑣𝑖,𝑘 = ̃𝑓A𝑘 (𝑥𝑖), the loss function writes as796

𝐿((𝑢𝑖,𝑗)1≤𝑖≤𝑛, 1≤𝑗≤𝑞− , (𝑣𝑖,𝑘)1≤𝑖≤𝑛, 1≤𝑘≤𝑞+)

=
𝑞−
∑
𝑗=1

𝑛
∑
𝑖=1

𝜌𝜏−𝑗 (𝑡𝑖 +
𝑗
∑
𝑗′=1

𝑢𝑖,𝑗) +
𝑞+
∑
𝑘=1

𝑛
∑
𝑖=1

𝜌𝜏𝑘 (𝑡𝑖 −
𝑘
∑
𝑘′=1

𝑣𝑖,𝑘)

=
𝑞−
∑
𝑗=1

𝑛
∑
𝑖=1

𝜌𝜏−𝑗 (𝑡𝑖 − 𝑢̃𝑖,𝑗) +
𝑞+
∑
𝑘=1

𝑛
∑
𝑖=1

𝜌𝜏𝑘 (𝑡𝑖 − ̃𝑣𝑖,𝑘)

= 𝐿̃((𝑢̃𝑖,𝑗)1≤𝑖≤𝑛, 1≤𝑗≤𝑞− , ( ̃𝑣𝑖,𝑘)1≤𝑖≤𝑛, 1≤𝑘≤𝑞+)

= (𝐿̃ ∘ 𝑇 )((𝑢𝑖,𝑗)1≤𝑖≤𝑛, 1≤𝑗≤𝑞− , (𝑣𝑖,𝑘)1≤𝑖≤𝑛, 1≤𝑘≤𝑞+)
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where 𝑇 ∶ (ℝ𝑛)𝑞− × (ℝ𝑛)𝑞+ ↦ (ℝ𝑛)𝑞− × (ℝ𝑛)𝑞+ is the linear map defined as797

𝑇 ((𝑢𝑖,𝑗)1≤𝑖≤𝑛, 1≤𝑗≤𝑞− , (𝑣𝑖,𝑘)1≤𝑖≤𝑛, 1≤𝑘≤𝑞+) = ((−
𝑗
∑
𝑗′=1

𝑢𝑖,𝑗)
1≤𝑖≤𝑛, 1≤𝑗≤𝑞−

, (
𝑘
∑
𝑘′=1

𝑣𝑖,𝑘)
1≤𝑖≤𝑛, 1≤𝑘≤𝑞+

) .

Denoting 𝛼 = ((𝛼−𝑗)1≤𝑗≤𝑞− , (𝛼𝑘)1≤𝑘≤𝑞+) and 𝛼̃ = ((𝛼̃−𝑗)1≤𝑗≤𝑞− , (𝛼̃𝑘)1≤𝑘≤𝑞+), by Theorem 16.3 in Rock-798

afellar (1970), we thus have799

𝐿⋆((𝛼−𝑗)1≤𝑗≤𝑞− , (𝛼𝑘)1≤𝑘≤𝑞+) = inf
𝛼̃

𝑇 ⋆𝛼̃=𝛼

𝐿̃⋆((𝛼̃−𝑗)1≤𝑗≤𝑞− , (𝛼̃𝑘)1≤𝑘≤𝑞+)

= 𝐿̃⋆(𝑇−⊤𝛼)

since 𝑇 ⋆ = 𝑇⊤ is invertible. Plugging this formula in Theorem 3.2 gives the dual formulation800

sup
𝛼∈(ℝ𝑛)𝑞−×(ℝ𝑛)𝑞+

− 𝐿̃⋆(−𝑇−⊤𝛼)

−
𝑞−
∑
𝑗=1

1

4𝜆𝑓−𝑗2
‖[V−𝑗Diag (𝛼−𝑗)V⊤

−𝑗 − 𝜆𝑓−𝑗1I𝑟−𝑗]+‖
2

𝐹

−
𝑞+
∑
𝑘=1

1

4𝜆𝑓𝑘2
‖[V𝑘Diag (𝛼𝑘)V⊤

𝑘 − 𝜆𝑓𝑘1I𝑟𝑘]+‖
2

𝐹

and we use the change of variable 𝑇−⊤𝛼 ↔ 𝛼 to get801

sup
𝛼∈(ℝ𝑛)𝑞−×(ℝ𝑛)𝑞+

− 𝐿̃⋆(−𝛼)

−
𝑞−
∑
𝑗=1

1

4𝜆𝑓−𝑗2
‖[V−𝑗Diag (−

𝑞−
∑
𝑙=𝑗

𝛼−𝑙)V⊤
−𝑗 − 𝜆𝑓−𝑗1I𝑟−𝑗]

+

‖
2

𝐹

−
𝑞+
∑
𝑘=1

1

4𝜆𝑓𝑘2
‖[V𝑘Diag (

𝑞+
∑
𝑙=𝑘

𝛼 𝑙)V⊤
𝑘 − 𝜆𝑓𝑘1I𝑟𝑘]

+
‖
2

𝐹

by definition of 𝑇⊤. Besides, 𝐿̃ is separable, and the Fenchel conjugate 𝜌⋆𝜏 (𝑢⋆) of the pinball loss802

𝜌𝜏 (𝑦 − 𝑢) is803

𝜌⋆𝜏 (𝑢⋆) = {
𝑦𝑢⋆ if − 𝜏 ≤ 𝑢⋆ ≤ 1 − 𝜏
+∞ otherwise,

which yields804

𝐿̃⋆(𝛼) =
𝑞−
∑
𝑗=1

𝑛
∑
𝑖=1

𝑡𝑖𝛼𝑖,𝑗 +
𝑞+
∑
𝑘=1

𝑛
∑
𝑖=1

𝑡𝑖𝛼𝑖,𝑘 = 𝑡⊤ (
𝑞−
∑
𝑗=1

𝛼−𝑗 +
𝑞+
∑
𝑘=1

𝛼𝑘)

if 𝛼−𝑗 ∈ [−𝜏−𝑗 , 1 − 𝜏−𝑗], 𝛼𝑘 ∈ [−𝜏𝑘 , 1 − 𝜏𝑘] for 𝑗 = 1, … , 𝑞−, 𝑘 = 1, … , 𝑞+ and +∞ otherwise. The final805

dual formulation then directly follows.806

Proof of Proposition 4.5 (non-crossing multi-quantile regression with unknown median).807

The proof is similar to the one of Proposition 4.2, except that here we have 𝑝 = 1 and 𝑞 = 𝑞− + 𝑞+,808

but Theorem 3.1, Proposition 3.1 and Theorem 3.2 still apply with the exact same reasoning. The809
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main difference is that, denoting 𝑤𝑖 = 𝑘𝑔(𝑥𝑖)⊤𝛾 , the loss function now writes810

𝐿((𝑤𝑖)1≤𝑖≤𝑛, (𝑢𝑖,𝑗)1≤𝑖≤𝑛, 1≤𝑗≤𝑞− , (𝑣𝑖,𝑘)1≤𝑖≤𝑛, 1≤𝑘≤𝑞+)

=
𝑛
∑
𝑖=1

𝜌0.5 (𝑦𝑖 − 𝑤𝑖) +
𝑞−
∑
𝑗=1

𝑛
∑
𝑖=1

𝜌𝜏−𝑗 (𝑦𝑖 − 𝑤𝑖 +
𝑗
∑
𝑗′=1

𝑢𝑖,𝑗) +
𝑞+
∑
𝑘=1

𝑛
∑
𝑖=1

𝜌𝜏𝑘 (𝑦𝑖 − 𝑤𝑖 −
𝑘
∑
𝑘′=1

𝑣𝑖,𝑘)

=
𝑛
∑
𝑖=1

𝜌0.5 (𝑦𝑖 − 𝑤̃𝑖) +
𝑞−
∑
𝑗=1

𝑛
∑
𝑖=1

𝜌𝜏−𝑗 (𝑦𝑖 − 𝑢̃𝑖,𝑗) +
𝑞+
∑
𝑘=1

𝑛
∑
𝑖=1

𝜌𝜏𝑘 (𝑦𝑖 − ̃𝑣𝑖,𝑘)

= 𝐿̃((𝑤̃𝑖)1≤𝑖≤𝑛, (𝑢̃𝑖,𝑗)1≤𝑖≤𝑛, 1≤𝑗≤𝑞− , ( ̃𝑣𝑖,𝑘)1≤𝑖≤𝑛, 1≤𝑘≤𝑞+)

= (𝐿̃ ∘ 𝑇 )((𝑤𝑖)1≤𝑖≤𝑛, (𝑢𝑖,𝑗)1≤𝑖≤𝑛, 1≤𝑗≤𝑞− , (𝑣𝑖,𝑘)1≤𝑖≤𝑛, 1≤𝑘≤𝑞+)

where 𝑇 ∶ ℝ𝑛 × (ℝ𝑛)𝑞− × (ℝ𝑛)𝑞+ ↦ ℝ𝑛 × (ℝ𝑛)𝑞− × (ℝ𝑛)𝑞+ is the linear map defined as811

𝑇 ((𝑤𝑖)1≤𝑖≤𝑛, (𝑢𝑖,𝑗)1≤𝑖≤𝑛, 1≤𝑗≤𝑞− , (𝑣𝑖,𝑘)1≤𝑖≤𝑛, 1≤𝑘≤𝑞+)

= ((𝑤𝑖)1≤𝑖≤𝑛 , (𝑤𝑖 −
𝑗
∑
𝑗′=1

𝑢𝑖,𝑗)
1≤𝑖≤𝑛, 1≤𝑗≤𝑞−

, (𝑤𝑖 +
𝑘
∑
𝑘′=1

𝑣𝑖,𝑘)
1≤𝑖≤𝑛, 1≤𝑘≤𝑞+

)

such that812

𝐿⋆(𝛽, (𝛼−𝑗)1≤𝑗≤𝑞− , (𝛼𝑘)1≤𝑘≤𝑞+) = inf
𝛽̃ , 𝛼̃

𝑇 ⋆(𝛽̃,𝛼̃)=(𝛽,𝛼)

𝐿̃⋆(𝛽̃, (𝛼̃−𝑗)1≤𝑗≤𝑞− , (𝛼̃𝑘)1≤𝑘≤𝑞+)

= 𝐿̃⋆(𝑇−⊤(𝛽, 𝛼)).

The dual formulation is thus813

sup
𝛽∈ℝ𝑛, 𝛼∈(ℝ𝑛)𝑞−×(ℝ𝑛)𝑞+

− 𝐿̃⋆(−𝑇−⊤(𝛽, 𝛼))

− 1
4𝜆𝑔

𝛽⊤𝐾𝑔𝛽

−
𝑞−
∑
𝑗=1

1

4𝜆𝑓−𝑗2
‖[V−𝑗Diag (𝛼−𝑗)V⊤

−𝑗 − 𝜆𝑓−𝑗1I𝑟−𝑗]+‖
2

𝐹

−
𝑞+
∑
𝑘=1

1

4𝜆𝑓𝑘2
‖[V𝑘Diag (𝛼𝑘)V⊤

𝑘 − 𝜆𝑓𝑘1I𝑟𝑘]+‖
2

𝐹

which, after the change of variable 𝑇−⊤(𝛽, 𝛼) ↔ (𝛽, 𝛼), is equivalent to814

sup
𝛽∈ℝ𝑛, 𝛼∈(ℝ𝑛)𝑞−×(ℝ𝑛)𝑞+

− 𝐿̃⋆(−𝛽, −𝛼)

− 1
4𝜆𝑔

(𝛽 +
𝑞−
∑
𝑗=1

𝛼−𝑗 +
𝑞+
∑
𝑘=1

𝛼𝑘)
⊤

𝐾𝑔 (𝛽 +
𝑞−
∑
𝑗=1

𝛼−𝑗 +
𝑞+
∑
𝑘=1

𝛼𝑘)

−
𝑞−
∑
𝑗=1

1

4𝜆𝑓−𝑗2
‖[V−𝑗Diag (−

𝑞−
∑
𝑙=𝑗

𝛼−𝑙)V⊤
−𝑗 − 𝜆𝑓−𝑗1I𝑟−𝑗]

+

‖
2

𝐹

−
𝑞+
∑
𝑘=1

1

4𝜆𝑓𝑘2
‖[V𝑘Diag (

𝑞+
∑
𝑙=𝑘

𝛼 𝑙)V⊤
𝑘 − 𝜆𝑓𝑘1I𝑟𝑘]

+
‖
2

𝐹

by definition of 𝑇⊤. The Fenchel conjugate of 𝐿̃ is the same as in the proof of Proposition 4.2 with an815

additional pinball loss term for 𝜏 = 0.5 and where 𝑡𝑖 is replaced with 𝑦𝑖, which yields the final dual816

formulation.817
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Proof of Proposition 4.3 (density estimation).818

We start by considering the Lagrangian formulation of the finite-dimensional constrained problem,819

which gives the dual820

𝑑 = sup
𝜃∈ℝ

inf
A∈𝕊𝑟+

−
𝑛
∑
𝑖=1

log( ̃𝑓A(𝑥𝑖)) + Ω(A) + 𝜃(Tr(AW𝜈 ) − 1)

= sup
𝜃∈ℝ

− 𝜃 + ( inf
A∈𝕊𝑟+

−
𝑛
∑
𝑖=1

log( ̃𝑓A(𝑥𝑖)) + Ω(A) + 𝜃 Tr(AW𝜈 ))
(23)

where we have used the fact that ∫𝒳 ̃𝑓A(𝑥)𝜈(𝑥)𝑑𝑥 = Tr(AW𝜈 ), see Marteau-Ferey et al. (2020). Since821

the primal is feasible and finite for e.g. A = I𝑟/Tr(W𝜈 ) ⪰ 0, Slater’s condition holds and we have822

strong duality. On the other hand, for fixed 𝜃 , the inner problem823

inf
A∈𝕊𝑟+

−
𝑛
∑
𝑖=1

log( ̃𝑓A(𝑥𝑖)) + Ω(A) + 𝜃 Tr(AW𝜈 )

satisfies all the assumptions of Corollary 6.1 with 𝑝 = 0, 𝑞 = 1, W1 = 𝜃W𝜈 and 𝐿(𝑢1, … , 𝑢𝑛) =824

−∑𝑛
𝑖=1 log(𝑢𝑖) with Fenchel conjugate 𝐿⋆(𝑢⋆1 , … , 𝑢⋆𝑛 ) = ∑𝑛

𝑖=1 (−(1 + log(−𝑢⋆𝑖 ))) for 𝑢⋆𝑖 < 0. The final825

dual formulation trivially follows by plugging the dual formulation of the inner problem826

sup
𝛼∈ℝ𝑛

− 𝐿⋆(−𝛼) − 1

4𝜆𝑓2
‖[VDiag(𝛼)V⊤ − 𝜆𝑓1 I𝑟 − 𝜃W𝜈 ]+‖2𝐹

from Corollary 6.1 in Equation 23 with 𝐿⋆ given above.827

7 Details about numerical experiments828

For all our numerical experiments, we detail below the results of the cross-validation procedure829

that leads to the best set of hyperparameters which we used to generate each figure in Section 4. In830

particular, all cross-validations are made with 5 folds and the features on the training samples are831

scaled to zero mean and unit variance beforehand such that the candidate lengthscales that are tested832

are always comparable across all tasks. For readability we only provide the best cross-validation833

combinations in each instance. Finally, except for density estimation where we use the L-BFGS solver,834

the AGD solver is chosen for solving all dual formulations (this choice was made to select the most835

efficient solver in each case).836

7.1 Heteroscedastic regression with known mean837

For lengthscales we use the list of candidates [0.4, 0.5, 0.6, 0.7, 0.8] and for regularization penalties838

[0.01, 0.1, 1]. We first perform cross-validation on the kernel ridge regression part to estimate the839

hyperparameters (𝜃𝜇 , 𝜆𝜇) for the mean function alone, with a least-squares score: results are displayed840

in Table 1(a). Then, we run another cross-validation to estimate the hyperparameters (𝜃𝑓 , 𝜆𝑓1 , 𝜆
𝑓
2 ) of841

the variance function, with a score given by the negative log-likelihood. The results are given in842

Table 1(b).843
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Table 1: CV results for sequential heteroscedastic regression: mean function (left) and variance
function (right).

(a)

𝜃𝜇 𝜆𝜇 CV score

0.5 0.1 154.5067
0.6 0.1 155.0722
0.4 1 155.0790
0.8 0.01 155.0830
0.4 0.1 155.1892
0.6 1 155.5632

(b)

𝜃𝑓 𝜆𝑓1 𝜆𝑓2 CV score

0.6 0.01 0.01 33.4455
0.5 0.01 0.1 33.9745
0.6 1 0.1 34.0711
0.5 1 0.01 34.1408
0.7 0.1 0.1 34.1881
0.6 1 0.01 34.1991

7.2 Non-crossing multi-quantile regression with known median844

For sequential non-crossing multi-quantile regression, we first perform cross-validation on the kernel845

quantile regression part for the median, to estimate the lengthscale 𝜃𝑞0.5 , while 𝜆𝑞0.5 is fixed to 1. The846

lengthscale candidates are [0.7, 0.9, 1.1, 1.3]. The score function used here is the median pinball loss.847

The results are displayed in Table 2.848

Table 2: CV results for median regression.

𝜃𝑞0.5 CV score

0.7 77.2404
0.9 78.7977
1.1 83.1513
1.3 89.9806

Then, we perform two cross-validations to choose the lengthscales in each of the settings we849

investigate, with a score function given by the sum of all the quantile pinball losses and the same850

grid of lengthscale candidates. In the same lengthscale setting, we estimate a common lengthscale851

𝜃𝑓 for all quantile functions: results are given in Table 3(a). In the free lengthscale setting, we lessen852

this contraint by allowing two different lengthscales: 𝜃𝑓low, common to all quantile functions below853

the median, and 𝜃𝑓upp common to those above. We give the results in Table 3(b). In all instances we854

fix (𝜆𝑓1 , 𝜆
𝑓
2 ) to 1.855

Table 3: CV results for quantiles in sequential multi-quantile regression: same lengthscales (left) and
free lengthscales (right).

(a)

𝜃𝑓 CV score

0.7 269.0395
0.9 269.7175
1.1 274.9520
1.3 275.5860

(b)

𝜃𝑓low 𝜃𝑓upp CV score

1.3 0.7 268.9982
0.7 0.7 269.0395
1.1 0.7 269.0574
0.9 0.7 269.1660
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7.3 Density estimation856

For the density estimation problem, we use the usual 𝐿2 norm criterion equal to ∫𝒳 (𝑝(𝑥)− ̂𝑝(𝑥))2 d𝑥 as857

the score function, which writes in the cross-validation setting as ∫𝒳 ̂𝑝(𝑥)2 d𝑥 − 2
𝑛 ∑

𝐾
𝑘=1∑𝑖∈𝐼𝐾 ̂𝑝−𝐼𝐾 (𝑥𝑖)858

where 𝐼𝑘 is the set of indices in the 𝑘-th fold and ̂𝑝−𝐼𝐾 is the estimate trained without the samples in 𝐼𝑘 .859

Our density estimation problem is a 2 dimensional example, we then use an anisotropic kernel with860

different lengthscales (𝜃𝑓𝑥1 , 𝜃
𝑓
𝑥2) on each dimension. Cross-validation estimates the hyperparameters861

(𝜃𝑓𝑥1 , 𝜃
𝑓
𝑥2 , 𝜆

𝑓
1 , 𝜆

𝑓
2 ), with lengthscale candidates [0.3, 0.4, 0.5, 0.6, 0.7, 0.8] and regularization penalties862

[0.01, 0.1, 1.0]. Results are displayed in Table 4.863

Table 4: CV results for density estimation.

𝜃𝑓𝑥1 𝜃𝑓𝑥2 𝜆𝑓1 𝜆𝑓2 CV score

0.7 0.8 1.0 1.0 -0.4779
0.7 0.8 0.1 1.0 -0.4778
0.7 0.8 0.01 1.0 -0.4778
0.6 0.8 1.0 1.0 -0.4773
0.6 0.8 0.1 1.0 -0.4770
0.8 0.8 1.0 1.0 -0.4769

7.4 Heteroscedastic regression864

For the joint learning problem in heteroscedastic regression with unknownmean, the cross-validation865

procedure now estimates all hyperparameters (𝜃𝑔 , 𝜃𝑓 , 𝜆𝑔 , 𝜆𝑓1 , 𝜆
𝑓
2 ) jointly. We use the same candidate866

grids as in Section 7.1, results are given in Table 5.867

Table 5: CV results for joint heteroscedastic regression.

𝜃𝑔 𝜃𝑓 𝜆𝑔 𝜆𝑓1 𝜆𝑓2 CV score

0.4 0.6 0.01 0.01 0.01 37.8797
0.4 0.6 0.01 1 0.01 37.9787
0.4 0.6 0.01 0.1 0.01 38.0116
0.5 0.7 0.01 1 0.1 38.1037
0.4 0.7 0.01 1 0.1 38.1186
0.4 0.7 0.01 1 0.01 38.1552

7.5 Non-crossing multi-quantile regression868

When considering the sequential problem, as in the top row of Figure 5, the estimation is done869

sequentially following exactly the free setting in Section 7.2. The results of the cross-validations870

for the median and quantiles are given in Table 6 (observe that the numbers are not the same as in871

Section 7.2 because the random seed generating the data is not the same).872
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Table 6: CV results for sequential multi-quantile regression: median function (left) and quantile
functions (right).

(a)

𝜃𝑞0.5 CV score

0.7 81.8059
0.9 82.8395
1.1 85.5509
1.3 91.2074

(b)

𝜃𝑓low 𝜃𝑓upp CV score

0.9 0.7 282.3186
0.7 0.7 282.4091
1.3 0.7 282.6543
1.1 0.7 282.9056

For the joint learning problem, cross-validation estimates all hyperparameters (𝜃𝑔 , 𝜃𝑓low, 𝜃
𝑓
upp) jointly.873

The parameters (𝜆𝑔 , 𝜆𝑓1 , 𝜆
𝑓
2 ) are all fixed to 1: results are displayed in Table 7.874

Table 7: CV results for joint multi-quantile regression.

𝜃𝑔 𝜃𝑓𝑙𝑜𝑤 𝜃𝑓𝑢𝑝𝑝 CV score

0.9 1.3 0.7 282.6605
0.9 0.9 0.7 282.7645
0.7 1.3 0.7 282.7816
0.9 1.1 0.7 282.8602
0.9 0.7 0.7 282.8913
0.7 1.3 0.9 282.9010
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